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Review: Failure of Galois Correspondence

Let Ln = Q(⇣2n), so Gal(Ln/Q) ⇠= (Z/2nZ)⇥ by �a(⇣2n) = ⇣a2n .

Q(⇣21) = L

.

.

.

Q(⇣8)

Q(⇣4) = Q(i)

Q(⇣2) = Q

In (Z/2nZ)⇥, 5 and 13 each generate {a mod 2
n
: a ⌘ 1 mod 4}. It

has index 2 and fixed field Q(i) (a ⌘ 1 mod 4, i
a
= i) for n � 2.

Every number in Q(⇣21) is in some Q(⇣2n), so h�5i and h�13i in
Gal(Q(⇣21)/Q) have fixed field Q(i) even though h�5i 6= h�13i.

For odd b, hb mod 2
ni = {a mod 2

n
: a ⌘ 1mod 4} for n � 2 if

b⌘1mod 4 & b 6⌘ 1mod 8, so h�bi has fixed field Q(i) in Q(⇣21).



What Happened?

L  ! {id .}

E  ! H

K  ! G

For an infinite-degree Galois extension L/K , the mappings

E 7! Gal(L/E ), H 7! L
H
= {↵ 2 L : �(↵) = ↵ for all � 2 H}

have L
Gal(L/E)

= E (uses Zorn’s lemma!) but Gal(L/LH) � H and

Gal(L/LH) could be larger than H.

The group Gal(L/K ) has a topology with the following properties:

multiplication and inversion on Gal(L/K ) are continuous,

for finite L/K , the topology on Gal(L/K ) is discrete,

if K ⇢ E ⇢ L then Gal(L/E ) is closed in Gal(L/K ).

for subgroups H ⇢ Gal(L/K ), L
H
= L

H
and Gal(L/LH) = H.

So Gal(L/LH) = H , H is closed. The Galois correspondence is a

bijection between all intermediate fields and closed subgroups.



Intuition for Topology on Galois Groups

Idea behind the topology: �, ⌧ 2 Gal(L/K ) are “close” if they

agree on a “big” finite subextension F/K in L.

Example: Gal(Q(
p
�1,
p
2,
p
3, . . .)/Q). When do elements ofQ

{±1} agree as automorphisms on Q(
p
2,
p
5,
p
7) or on Q(

p
6)?

Example: Gal(Q(⇣21)/Q). When do two 2-adic units agree as

automorphisms on Q(⇣8), or on Q(⇣2n)?





Definition of Topology on Galois Groups

Definition. Let L/K be Galois.

For � 2 Gal(L/K ), a basic open set around � is a coset � Gal(L/F )
for some finite extension F/K inside L.

A subset U of Gal(L/K ) is called open if each element of U is

contained in a basic open set that’s inside of U: for each � 2 U,

� Gal(L/F ) ⇢ U for some finite extension F/K in L.

Since F ⇢ F
0 ) � Gal(L/F 0

) ⇢ � Gal(L/F ), making F bigger (but

still finite over K !) shrinks the basic open set around �.

What does � Gal(L/F ) really mean? It’s the same thing as the ⌧
where ⌧ |F = �|F , so a “basic open set” is all the automorphisms

that agree on a specified (finite) extension F/K . This implies

Gal(L/F ) has finite index in Gal(L/K ).



Examples of Basic Open Sets in Galois Groups

Example. In Gal(Q(
p
�1,
p
2,
p
3, . . .)/Q) =

Q
{±1}, sequences

with specified relations among signs in finitely many components

and no constraints in remaining components form a basic open set.

Example. In Gal(Q(⇣51)/Q), a compatible sequence

(a1 mod 5, a2 mod 5
2, a3 mod 5

3, . . .), a1 6⌘ 0 mod 5

with specified values for one an mod 5
n
and no constraints for later

components is a basic open set.

Example. In Gal(Q/Q), all � such that �(i) = i and �(
p
2) =

p
2

are a basic open set in this mysterious group.



Open Sets are a Topology

Cosets � Gal(L/F ) for varying � and F are a basis for a topology

on Gal(L/K ), like role of open balls to define open sets in a metric

space. This is the Krull topology on Gal(L/K ).

Example. For nonempty open U1, . . . ,Un in Gal(L/K ), suppose

� 2
T

i
Ui . Then � Gal(L/Fi ) ⇢ Ui for some finite extensions Fi/K

in L. Passing to the finite extension F := F1 · · ·Fn,

� Gal(L/F ) ⇢
\

i

� Gal(L/Fi ) ⇢
\

i

Ui .

So all elements of
T

i
Ui are in basic open in

T
Ui :

T
i
Ui is open.

Example. For � 6= ⌧ , there is ↵ 2 L with �(↵) 6= ⌧(↵). For
F = K (↵), �|F 6= ⌧ |F , so � Gal(L/F ) 6= ⌧ Gal(L/F ). In fact,

� Gal(L/F ) \ ⌧ Gal(L/F ) = ; since di↵erent cosets of a subgroup

are disjoint. Thus the topology on Gal(L/K ) is Hausdor↵.



Closed Subgroups

Theorem. For K ⇢ E ⇢ L, Gal(L/E ) is closed.



Closure of a Subgroup

Theorem. For a subgroup H of Gal(L/K ), Gal(L/LH) = H.






