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Iwasawa Theory

Ilwasawa theory involves the study of Galois modules over infinite
towers of number fields.
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Iwasawa Theory

Iwasawa theory involves the study of Galois modules over infinite
towers of number fields.

IDEA: Studying class groups or Selmer groups in isolation is hard. But,
these properties stabilize in certain towers; in such cases studying them
becomes easier.
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Classical Iwasawa Theory

Consider the tower
Q=QCQC---CQC-C|JQ = Qe
n

where Qp is the unique subfield of Q(xpn+1) such that
Gal(Qn/Q) ~Z/p"Z.
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Classical Iwasawa Theory
Consider the tower
Q=QCQC---CQC-C|JQ = Qe
n

where Qj, is the unique subfield of Q(u,n+1) such that
Gal(Qn/Q) ~ Z/p"Z.

So I := Gal(Qgyc/Q) ~ I'LnZ/p”Z ~ Zp.

Qcyc, called the cyclotomic extension is the unique Z, extension of Q
contained inside Q(p ).
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Classical Iwasawa Theory

Consider the tower

Q=Qo C Q C"‘CQnC"'CUanchyc

where Qp is the unique subfield of Q(xpn+1) such that
Gal(Qn/Q) ~ Z/p"Z.

So I := Gal(Qgye/Q) ~ I(iL"nZ/p”Z ~ Zp.

Qcyc, called the cyclotomic extension is the unique Z, extension of Q
contained inside Q(p ).

For a number field F/Q, the cyclotomic Z, extension always exists but it
may not be the only Z,-extension.
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Field Diagram

Q(pp=)

Z/(p—1)
Qcyc ZP
Zp
Q(p)
/

o Z/p-1)
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Field Diagram

Q(pp=)
Z/(p—1)
Qcyc ZP

Q(p)
Q Z/(p—-1)

We have

Gal (Q (j1p~) /Q) = Z = Zp x Z/(p — 1) = (1 + plp) x Z/(p — 1).
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Iwasawa algebra

Let G be a profinite group.
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Iwasawa algebra

Let G be a profinite group.

Definition
The Iwasawa algebra, \(G) := lim Zp|G/H|

where the inverse limit runs over all open normal subgroups H of G and
is taken with respect to the natural surjection maps.
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Iwasawa algebra

Let G be a profinite group.

Definition
The Iwasawa algebra, \(G) := lim Zp|G/H]

where the inverse limit runs over all open normal subgroups H of G and
is taken with respect to the natural surjection maps.

N(T) = Zp[T] = Zp[T]
y—=1+T
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Structure Theorem: lwasawa and Serre

Theorem
Let M be a finitely generated A\(I")-module. Then

t S
M~ (M) @ (GB A(r)/p"f> o (GB /\(F)/’?m’)
i=1 j=1

where f; are irreducible distinguished polynomials in Zp[T].
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Invariants for M

M ~ A(F)" <EB/\ I')/p”') Pam/
j=1

The integer r is called the rank.
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Invariants for M

M ~ A(F)" <EB/\ I')/p”') Pam/
j=1

The integer r is called the rank.
If r = 0, we define two more invariants:
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Invariants for M

M~ A(F) (@A r)/p"'> (@A(r)/z;mf)
j=1

The integer r is called the rank.
If r = 0, we define two more invariants:
The p-invariant is defined

The M-invariant is defined
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Classical Theorem

Theorem (lwasawa)

Let F./F be a Zp-extension and let e, be the integer so that p®||h,
where hy, is the order of the class group of F,. There exist integers
A, u >0 andv such that

en=An+pup" +v

for all n sufficiently large where X\, ., v are all independent of n.
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Classical 1 = 0 Conjecture

Conjecture (lwasawa)
In a cyclotomic Zp-extension, 1. = 0.
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Classical ;1 = 0 Conjecture

Conjecture (lwasawa)
In a cyclotomic Zp-extension, 1 = 0. J

This is known only when F/Q is an Abelian extension. This was proved
by Ferrero-Washington (1979).
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Selmer Groups of Elliptic Curves

Consider an elliptic curve E/F and p be an odd prime.
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Selmer Groups of Elliptic Curves

Consider an elliptic curve E/F and p be an odd prime. Let S be a finite
set of primes containing the primes above p, the Archimedean primes
and the primes of bad reduction of E.
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Let Fs/F be the maximal extension unramified outside S.
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Selmer Groups of Elliptic Curves

Consider an elliptic curve E/F and p be an odd prime. Let S be a finite
set of primes containing the primes above p, the Archimedean primes

and the primes of bad reduction of E.

Let Fs/F be the maximal extension unramified outside S.

The p-primary Selmer group of E/L for a finite Galois extension L/F

contained in Fg is given by the exact sequence

0 — Sel(E/L) — H' (Gal (Fs/L), E[p™]) = EDEP H' (Lw, E) [p™].

veS wlv
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Selmer Groups of Elliptic Curves

Consider an elliptic curve E/F and p be an odd prime. Let S be a finite
set of primes containing the primes above p, the Archimedean primes

and the primes of bad reduction of E.

Let Fs/F be the maximal extension unramified outside S.

The p-primary Selmer group of E/L for a finite Galois extension L/F
contained in Fg is given by the exact sequence

0 — Sel(E/L) — H' (Gal (Fs/L), E[p™]) = EDEP H' (Lw, E) [p™].

veS wlv

We have,
Sel (E/Fx) = |i_>mSeI(E/L)
L

where L runs over all finite extensions of F contained in the
Zp-extension F/F.
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lwasawa Theory of Elliptic Curves: The Work of Mazur

When the Galois module M is a discrete p-primary Abelian group or a
compact pro-p Abelian group, its Pontryagin dual is defined as

MY := Hom (M, Qp/Zp) .
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lwasawa Theory of Elliptic Curves: The Work of Mazur

When the Galois module M is a discrete p-primary Abelian group or a
compact pro-p Abelian group, its Pontryagin dual is defined as

MY := Hom (M, Qp/Zp) .

Theorem (Mazur)

The Pontryagin dual of Sel (E / Fcyc), denoted by X (E/Feyc), is a finitely
generated \(I')-module.
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Iwasawa Theory of Elliptic Curves: The Work of Mazur

When the Galois module M is a discrete p-primary Abelian group or a
compact pro-p Abelian group, its Pontryagin dual is defined as

MY := Hom (M, Qp/Zp) .

Theorem (Mazur)

The Pontryagin dual of Sel (E / Fcyc), denoted by X (E/Feyc), is a finitely
generated \(I')-module.

v

Conjecture (Mazur)
At primes of good ordinary reduction, X (E/Feyc) is N(I')-torsion.
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Iwasawa Theory of Elliptic Curves: The Work of Mazur

When the Galois module M is a discrete p-primary Abelian group or a
compact pro-p Abelian group, its Pontryagin dual is defined as

MY := Hom (M, Qp/Zp) .

Theorem (Mazur)

The Pontryagin dual of Sel (E / Fcyc), denoted by X (E/Feyc), is a finitely
generated \(I')-module.

v

Conjecture (Mazur)
At primes of good ordinary reduction, X (E/Feyc) is N(I')-torsion.

If X (E/Feyc) is A(T)-torsion, the Structure Theorem holds as in the
classical case.
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Iwasawa Theory of Elliptic Curves: The Work of Mazur

When the Galois module M is a discrete p-primary Abelian group or a
compact pro-p Abelian group, its Pontryagin dual is defined as

MY := Hom (M, Qp/Zp) .

Theorem (Mazur)

The Pontryagin dual of Sel (E / Fcyc), denoted by X (E/Feyc), is a finitely
generated \(I')-module.

v

Conjecture (Mazur)
At primes of good ordinary reduction, X (E/Feyc) is N(I')-torsion.

If X (E/Feyc) is A(T)-torsion, the Structure Theorem holds as in the
classical case. There are examples (over Q) where p(X) > 0.
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Coates-Sujatha Conjecture A

The right analogue of class groups in the elliptic curve setting (for

Zp-extensions) is a subgroup of the Selmer group, called the fine
Selmer group.
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Coates-Sujatha Conjecture A

The right analogue of class groups in the elliptic curve setting (for

Zp-extensions) is a subgroup of the Selmer group, called the fine
Selmer group.

Conjecture (Coates-Sujatha (2005))

Let p be any odd prime and Y (E/Fcyc) be the Pontryagin dual of the
fine Selmer group. Then,

Y (E/Fcyc) is N(I')-torsion and p(Y) = 0.

Y (E/Fgyc) is expected to be A(I')-torsion independent of the reduction
type at p.
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Coates-Sujatha Conjecture A

The right analogue of class groups in the elliptic curve setting (for
Zp-extensions) is a subgroup of the Selmer group, called the fine
Selmer group.

Conjecture (Coates-Sujatha (2005))

Let p be any odd prime and Y (E/Fcyc) be the Pontryagin dual of the
fine Selmer group. Then,
Y (E/Fcyc) is N(I')-torsion and p(Y) = 0.

Y (E/Fgyc) is expected to be A(I')-torsion independent of the reduction
type at p. This is the elliptic curve analogue of the weak Leopoldt
conjecture. It is known for elliptic curves over Q by a deep result of Kato.

Debanjana Kundu (University of Toronto) Iwasawa Theory of Fine Selmer Groups June 14, 2020 12/20



Fine Selmer Group
We define

R(E/L) := ker <H1 (Gal(Fs/L),E[p™]) = EPEBH' (Lw. E[poo])) .

veS wlv
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Fine Selmer Group

We define

R(E/L) := ker <H1 (Gal(Fs/L),E[p™]) = EPEBH' (Lw. E[pOO])) .

veS wlv
Taking direct limits as before, define

R(E/Fs) = lim R(E/L)
L

-

where L runs over all finite extensions of F contained in F.
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Evidence for Conjecture A

Theorem (K.-Sujatha)

Let F be a number field and E be an elliptic curve of rank 0 over F.
Assume that the Shafarevich-Tate group of the elliptic curve E over F is
finite. Varying over all primes of good ordinary reduction, Sel(E /F¢yc) is

trivial outside a set of density 0. In particular, Conjecture A holds for
Y(E/Feye).
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Relating the Two Conjectures
Briefly recall the two conjectures discussed so far

Conjecture (lwasawa)
In a cyclotomic Zp-extension, ji = 0.

Conjecture (Coates-Sujatha (2005))

Let p be any odd prime and Y (E/F¢yc) be the Pontryagin dual of the
fine Selmer group. Then,

Y (E/Feyc) is N(T')-torsion and (1(Y) = 0.
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Relating the Two Conjectures

A priori, it is not obvious that the two conjectures are related to each
other. But,
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Relating the Two Conjectures

A priori, it is not obvious that the two conjectures are related to each
other. But,

Theorem (Coates-Sujatha, 2005; Lim-Murty 2016)

Let F/Q be a number field and p # 2 such that E[p] C E(F). Then

Conjecture A for Y(E | Feyc) is equivalent to the classical ;. = 0
Conjecture.
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Relating the Two Conjectures

A priori, it is not obvious that the two conjectures are related to each
other. But,

Theorem (Coates-Sujatha, 2005; Lim-Murty 2016)

Let F/Q be a number field and p # 2 such that E[p] C E(F). Then
Conjecture A for Y(E | Feyc) is equivalent to the classical ;. = 0
Conjecture.

It is natural to ask the following question:

Question

Are (fine) Selmer groups closely related to the class group in other
p-adic Lie extensions (in particular, other 7, extensions)?
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Known Cases of Similar Growth Pattern

The similarity in the growth pattern of the class groups and fine Selmer
groups are observed in the following cases
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Known Cases of Similar Growth Pattern

The similarity in the growth pattern of the class groups and fine Selmer
groups are observed in the following cases

= (multiple) Z,-extensions
# False Tate curve extensions or Kummer extensions

# non-Abelian non p-adic analytic extensions
# quadratic extensions
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Known Cases of Similar Growth Pattern

The similarity in the growth pattern of the class groups and fine Selmer
groups are observed in the following cases

= (multiple) Z,-extensions
# False Tate curve extensions or Kummer extensions

# non-Abelian non p-adic analytic extensions
# quadratic extensions
w cyclic Z/pZ extensions
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Non-Cyclotomic Z,-Extensions

Theorem (lwasawa)

Let F be the cyclotomic field of p-th or 4-th roots of unity according as
p > 2 orp=2. For any given integer N > 1, there exists a cyclic
extension L/F of degree p and a Zp-extension L, /L such that

p > N.

Theorem (K. 2020)

Let F be the cyclotomic field of p-th roots of unity forp > 2. Let E/F be
an elliptic curve such that E(F)[p] # 0. Suppose the analogue of the
Weak Leopoldt Conjecture holds. Given an integer N > 1, there exists a
cyclic extension L/ F of degree p and a Zp-extension L., /L such that

1(Y(E/Lx)) = N.
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Outline of the Proof

= Let F, be the maximal totally real subfield of F. Construct a
(non-)cyclotomic Zp-extension F.,/F which is Galois over F.
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# Show there are infinitely many prime ideals [ in F which split
completely in Fo/F.
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Outline of the Proof

= Let F, be the maximal totally real subfield of F. Construct a
(non-)cyclotomic Zp-extension F.,/F which is Galois over F.

# Show there are infinitely many prime ideals [ in F which split
completely in Fo/F.

# Choose primeideals [1,...,[;, f > 1, in F which are prime to
p and are totally splitin F,/F. Let  be a non-zero element
of F which is divisible exactly by the first power of [; for
1<i<t SetL=F(¢n) and Ly =LF..
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= Let F, be the maximal totally real subfield of F. Construct a
(non-)cyclotomic Zp-extension F.,/F which is Galois over F.

# Show there are infinitely many prime ideals [ in F which split
completely in Fo/F.

# Choose primeideals [1,...,[;, f > 1, in F which are prime to
p and are totally splitin F,/F. Let  be a non-zero element
of F which is divisible exactly by the first power of [; for
1<i<t SetL=F(¢n) and Ly =LF.

# Relate the (p-rank of) fine Selmer groups to the (p-rank of) class

groups.
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Outline of the Proof

= Let F, be the maximal totally real subfield of F. Construct a
(non-)cyclotomic Zp-extension F.,/F which is Galois over F.

# Show there are infinitely many prime ideals [ in F which split
completely in Fo/F.

# Choose primeideals [1,...,[;, f > 1, in F which are prime to
p and are totally splitin F,/F. Let  be a non-zero element
of F which is divisible exactly by the first power of [; for
1<i<t SetL=F(¢n) and Ly =LF.

# Relate the (p-rank of) fine Selmer groups to the (p-rank of) class
groups.

= Finally using Iwasawa’s result show

u(Y(E/Lx)) = cit+ co(E/F).
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More General Results

In pro-p p-adic Lie extensions, there is now a general strategy to show
that the u-invariant of (fine) Selmer groups can be arbitrarily large in
extensions where it is known that the p-invariant associated to the class

group is arbitrarily large.
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More General Results

In pro-p p-adic Lie extensions, there is now a general strategy to show
that the u-invariant of (fine) Selmer groups can be arbitrarily large in
extensions where it is known that the p-invariant associated to the class
group is arbitrarily large.

More precisely, using the work of Hajir-Maire (2019), it is possible to
show that there are nilpotent, uniform, pro-p, p-adic Lie extensions of
number fields with arbitrarily large p-invariant of (fine) Selmer groups.
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Thank you!!
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