
 

p adicfunctions on Ip Lecture 3

Outline p adicBanachspace
Mahlerbasisfor C Ip Qp
p adic measures onXp

Slogans Manytheories over lR have analogues overQp
Recall ABanach space V over IR is an IR vectorspace

completewithrespectto a norm toll V HR o
s t a HavIl Ial Hull for aEIR veV

ca Hu wIl eHull HWY
Cs Hull o s v 0

Example C Con IR fcontinuousfunctions f o D IR

HfH me Ifail

Defy A p adic Banachspare V overQp is a Qp vectorspae
completewithrespect to a noun HH V IR o

s t G HavIl Ialp Hull for a CQp uEV
G HutWH EmaxfHull Hull V v wt V
3 Hull o v o

Wesaythat aBanachspareV has an orthonormal basis feilies
withe EV

if i Hei11 1 foreach it I
G everyvector v CV can bewrittenuniquely as converginglimit

V
1
ai ei for ai EQp



Thisrequires if F IN laitp so as i co

Ingeneralthismeansthatforanye there are onlyfinitelymany if I
sit Iailp E

If E aieill mieaxfla.tl

Rmd Thisconcept isthep adicanalogueofHilbertspareover R
exceptthattheinnerproduct norm HulftHulkHawkfororthogonalvectors

is replacedbythecondition llvtwll maxfllvll.twIt
fororthogonalvectors morelike Espace

Typical example L sequenceofnumbers ai.az inQp s.t figstan of
For a sequence a new define 11Cannew11 manxflanIp

Orthonormalbasis en o.o

Then a new Egan en with norm manx lamp

theorem CfdpQp continuousfunctions f Ip Qp
This norm is welldef'd b cItfIt i maeaxq.ly flaYp
xp iscompat so flap isbonded

is aBanachspace with orthonormal basis
QuickcheckpropertiesforBanalspares

o completeforthe norm
as 11afH kelp HH
Cz Hf gH E max Hft Hgh
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Question Examplesof continuousfunctions on Ip withvalues in Ip
Polynomialswithintegercuffs g limitofthepreviousone
of.esogerseries.e.g.expCpx2 yP XP

EF f
Nx
Dj

xGD Thisfunctionstake value inIp
despitethedenominatorp

Proof Method Every xe2p belongsto oneof ftp.ltpkp i CpDtpIp
say Eat p2p then pdividesthefactor x a

f CIp CpD is invertible inXp
Method2 It isclearthat if IN then f CIN bydefnofbinomial

It's alsoclearthat f is continuous
coeffs

But 1N isdense in Ip allof f takesvalues inIp D
Restatethetheorem fr E xn f is an orthonormalbasisof

calledMTIerbasis Ip Qp
Inparticular every

continuousfunction f i2p Qp canbewrittenuniquely
as Lex Egan Y with lamp so calledthe

Mahlerexpansion

ProofSteph Gettheexpression G Assumethat itholds

Compare at x o ao f o
x i aota _f i ai fo Sto
X 2 ao t za az fcz az f z 2fastfco

Explainhowthislooks verymuchliketheTaylorexpansion
Define f x _f Gti f x some literatureswrite

ft x fk3 f x In KfCx



Assume holds
f an xn Ean Ei

thusby induction ft an Xmm

Soevaluatingat x o am f o

we'reprovedthattheexpressionG is unique if it exists
Step2 Forf t Cftp.Qp as m co If'm o o

Roughidea i will showthat for k so Hf H E Ipl HfH
bleKp iscompart so f is uniformlycontinuous

f
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x f pk fix t CDi Pik flxtpk.it
TT

moredivbypifk so all moredirbyp
StepI For FEC IpQp setting am i f o f m o

thenfad Ewan xn

Indeed an xn converges in Ip
ft Ean K is zero at all go

densein74

fan Ewan xn

Step4 H h 11 1 HfH manxlamp
Haveshownthat for x cIp K EEP H xnHel

when x n xn i H xn11 1

Byexpression as IfHemnaxlanlp.HNl mnaxlanlp
Ontheotherhand each an is an integerlinearcombinationofvaluesoff

IanIpsHft forevery n
HfH mnaxlamp



up adic measure

A measure on Xpwithvalues in Qp is a continuouslinearmap
C Ip Qp p
f x 1 a Jfcx dye

D Ip Qp fall measures on Ipwithvalues in
lookslike an l

Theorem All measures on Ip aregivenby a powerseries Art CXpETIEpt
Art bo t b Tt bzT't with biCQp bounded

Explicitly for fix Egan xn CC Ip Qp
Jfcx µ Aobo ta b ta abat
74

Amice transform Given a measure y the
associatepowerseriesAy T is
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