
 

p adicfunctions on Ip Lecture 2

Outline Candy sequences in Ip
Topologyof Ip
Exponential logarithmicfunctions in Ip
Structureof745

Recall Ip completionof 7Lwithrespecttothep adic norm

if pplIn then InIp Vp n p
21 The p adic norm defines anaturalmetricspaestructure on 2

i e for x ye7L their p adicdistance is
d x y I x Hp

ThenXp thecompletionof 7Lwithrespect tothispadicmetric
somethingtobeprovedaboutthemetricspace later

TheoremI Every a C I sit pta is invertible in Ip
a C Ip sit pta k up a o a C745

Corollary Ip is a PID has a uniquemail ideal Cp
Define Qp Frae Ip IpGb Ip f at Qp Up a 30

ftp.anp anCfo pB lalpel
As I c Ip Q EQp

Obviousfact Vp n m Vp n upm Inmlp Hp 1mlp for nm EI
IpCanextendthisdefinitionto Q Qp

Vpaz Up a Vp b e.g p 5 Up2E 2UpF I

table pYES I f Is I Is 5
Coe Qp completionof Q writthepadic norm
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whatdoes Ip or Qplooklike
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topology eachdiskabove is open a subset atpn2p for aCIp is anopen
closed subsetofQp

So QpandIp areveryverydisconnected
Fact Ip is compact and Hausdorff

Proof ofthe Ip versionofTheorem 1
Need tocheck

if
d x y o x y
d x z s day dcyz triangleinequality

Infant we have a strongertriangleinequality
dcx.HEmaxfdcx.yJ.dcy.tt

s Ix zlpsmaxflx ylp.ly Hp µSetting a x y b y z
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Claim i Up atb 3minfup a uplb I
b lp orderreversing
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This isjust a fancywayto say
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if Ix yIp lyHp then IxHp Ixylp
Alltriangles in padicworld are isosceles

Corollaryofthestrongertriangleinequality
Aninfinitesum Xi Xz t with XiCIp absolutely converges in Ip
if his1 4 0

analogueofCauchy criterion
comparetotherealstory need ln.info xnt txm o
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proof Forany Eso IN o s t forany n 3N we haveKulpa

Thenforany man N strongerinequality
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Stoyan Sequences are easiertoconverge in padictopology

Example exp p makessense in Ip PD
In therealworld ex It x 1 13 t Taylorexpansion
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so thisinfiniteseriesconverges
Similarly exp pa hpa t makessense

Moreover as formally exp xxy it y
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So explplatbs exp pa exppb
theorem p2p 1 4 p2p is ahomomorphism
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by sameargumentthisconverges as well

theoremWhenps3 745 o 4pzYxCltp2pYidIIEEP4pzYxC7Lp.t
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Proof Recall XP 1 has sots in 745
so 745containsCpDstrootofunity

Thisgives a map 74Pa I ftp 1 Ip



a a calledTeichmiller

Bytheuniquenessofthelift Cab Ca lb lift
Ontheotherhand wehave 745 CZpzY

Now we can definethe isomorphism
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Recall 3 3 4.7 6.721

or rather as 3 5 1 mod 7 so 3 5

53 5 12 7 3 73 1

So 10 5 12 7 3.731


