
 

p adicfunctions on Ip Lecture 1

Outline Introduction to p adicnumbers Ip
Hensel's lemma

p adicvaluations p adic norms

An importantphilosophy in numbertheory
as completion

Qs
R

5 onefor.eachprimenumberp

Slogans Manytheories over lR have analogues overQp
they are equallyimportantforarithmeticapplications

Define Ip
definitionof IpQp definitionofco.D.IR

Exampleofnumbers
2 310 415 0 p3tGp4t i 0.275689
Ap adicinteger is an infinite formal any infinite sequence withoeffin
sumwithcoeffs.info p i 2 to 17.1045.1031 fo 9

Howtoaddtwonumbers

f 5 2 3 5 14 52 54 1

slightlydifferent

sweepterms tohigher bringtermstoearlierterms

4 2 5 2.53 1 dhigherppowers



ghent

Multiplication

F 5 213 74551 z1415 53 7
2 4 tGx5 8x5 252 453
u't

y 5 si
5 O t i 14 5 1254

2 53

Anotherforintofview
Ap adicinteger is the

collectionof
an mod p.az modp a modp3

S.t anti an modpm

e.g p 5 the 5 adicinteger 2 3 5 452 1 53

2 mod5 17mod52 117mud53

Additionfromthispointofview
anmodph n bnmudpm an bnmudpm

Hidingbehindthis is

2 3 5 14 52t 2 mod5 17mod25 117mod 53

21 4 5 t 52 t 2mud5 22 mud 25 45 mud53

4mud5 2 25 162mod53

This wasthe
53

sweepingstep earlier

theorem If a is an integerrelativelyprimetop then a is invertible inXp
Example This amounts toprovinge.g p 7 solve 10 1 in 77
Insteadofprovingthis weprovesomething

muchcooler



of 1 g s I g
e g p 7 solve 5 2 in27

Steps Solve 5 2 mod 7
Fixthis fx 3 or x 4 mod 7

Steps Solve 5 2 mod 7
Write X 3 7a

317a
2
2 mod72

9 142a 1499
2
2 mod49

7 142A I 0mod49
I t Ga to mud 7 a I mod7

So x to mod72

Step3 Solve x mod73
343

Write 10 49b
lo 149b

2
2 mod 73

11
1001980b1744
98 t 980b o mod73

Continuingthisway weget 3mod 7 tomod77 108mod73
Thisgives a solinof 5 2 in 27

theothersokn is thenegativeofthis

Hensel's lemma Let f x x tax t an C7LCx be a monicpolynomial

Assumethat fix modp CFpCx has a simplezero atFp
Then thereexIiss a uniquezero FE2poffix s t I modp x

In our earlierexample fix x 2

fCx mod 7 has a simplezero 0 3 i.e 322 7 0 mod7
then wegot a sokn It 74 sit I mod 7 3



got 7

Nonexample f x 5 withp 5 fG mod5 has a doublezero atx o.in
Butfcxs x 5 has nozero in275 see later

Corollary Consider fcxs xP 1

Modulo p it hasprecisely p 1 zeros 1,2 sp 1

byFermat'slittlethm AP'Elmodp Apfa
orMpa hasorderp 1 so AP I modpbyLagrangethm

ByHensel'sIemma foreach at 11,2 p I there exists a unique aF2p
Sit I a mod p IP 1

In otherwords Ip contains all Cp Dstrootsofunity
Remarks If one spellsouttheproofofHensel'slemma

thisamountsto solvingxp 1 1 modulohigher higherpowerofp
E.g p 7 x6 1 mod73 has solins

I I

2 2 4 7 6 72
3 3 4 7 6 72
4 4 t 2 7 t O

5 5 2 7 O fThisis
1 initsdisguised

form
G G 6 7 6 72

3rd
waytothinkof Ip

Thinkof 2 3pt4p't 0.275689
ex Xz 13 EX Xz X3

as limitof 2 2t3p 2t3pt4p is thelimitof 0.2 0.27 0.275

as thedifferencebetweentwo b c thedifference Ixn Xml absolutevalue

member xn xmisdiu.byhigher higher with m.in large is small



Definition Fix paprimenumber.fm
wat

ftp.adicvaluahinofaninlegerntkisthemanilnonneg integerupen
st pop divides n Up o a

E g F 5 Vs 3 0 Us 251 2 Us 151 1

The p adic of n is InIp p 4G
E g 1315 1 14 5 1 I251 Is 1375If 5

So themoredivisibleby p a number is thesmallerits p adic norm is

theorem The p adic norm defines anaturalmetricspaestructure on 7L
i e for x ye7L their p adicdistance is

d x y Ix Hp
Ip is thecompletionof7Lwithrespect tothispadicmetric

Bark to earlierexample 2 top Lip't pas
the sequence 2 2 3p 2 310 415

to us

ktspzlp f 14plp.pk gettingsmaller smaller

forthepadicnorm
Upc I Ip extendsnaturally to Ip
e.g p 5 353 2 54 7.551 has p adicvaluation 3

p adic noun 4ps
Remark Nosolutionof 5 5 in 25 b c

I Us 5 Vs K 2 VsCx UsG L notpossible

Remark For p adic norm 2 is bounded as y.cn o Inlpelforevery
So our usualpictureof 2 on a lineshouldbediscarded
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Willshow a pictureofXpnextlecture

Also no orders on Ip ae


