CTNT 2018 Exercises for Algebraic Number Theory

Lecture I: Number Fields.

Exercise 1.1. Consider the cyclotomic field F' = Q(({,) (with p > 2 an odd prime and
¢, = €2™/P). Note that [F: Q(¢,)] =p — 1

(1) What is the minimal polynomial of ¢, over Q7

(2) What are the embeddings of F'?

(3) What is the trace of ag + a1(, + - -+ + ap_gCg’z for ag,...,a,—2 € Q7

(4) What is Nmpgg(¢, — 1)7

Exercise 1.2. Here is another definition of the trace and norm: pick a basis ey, ..., e, of
the field F' as a Q-vector space. Take a € F'. Consider multiplication by « as a Q-linear
transformation on F' (as a Q-vector space). Then this linear transformation with respect
to the chosen basis ey, ..., e, is given by an n X n-matrix with coefficients in Q we define

Tr'’pjg(a) = trace(A), Nmg(a) = det(A).

(1) When F = Q(v/d) with d a square-free integer, we choose the basis {1, v/d}.
Compute Try q(a + bv/d) and N q(a + bv/d) by writing out the corresponding
matrix and compute its trace and determinant.

(2) Show that the definition of Tr’ /o and Nm’ /@ are independent of the choice of the
basis.

(3) Show that when F' = Q(«), the definition of trace and determinant agrees with
what we used in the lecture. That is, if h(z) = 2™ + a2" ' + -+ + a, is the
minimal polynomial of a;, then

Trpg(a) = —ar  and  Nmlpg(a) = (—=1)"a,.
(Hint: consider the basis given by 1,a,...,a" 1)
Exercise 1.3. Verify by definition that for F = Q(v/d) with d # 1 a square-free integer,

{Z[\/E] if d = 2,3 mod 4,
OF =

Z[Y4) if d =1 mod 4.

In each case, what is disc(Op)?

Exercise 1.4. Consider F' = Q(«) with « a zero of an irreducible polynomial h(x) =
2% + ax + b where a,b € Z.
(1) Show that disc(1,a,a?) = —Nmpg(f'(a)) = —4a® — 27b%, where f'(z) is the
formal derivative of f(x).
(2) In case when a = b = —1, that is «
and conclude that O = Zla/.

3 = o+ 1. Compute disc(1, a, @) using (1)
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Exercise 1.5. Let ay,...,a, € Of be algebraic integers. Use the trick that

n) o onle® fnle) mle) o ey (200 Dl
det : : = det : :

(1) o0 Talon) Ti(an) mean) o Ta(an) ma(an) -+ Ta(oy)

TYF/Q<OC%) R TI'F/Q(OélCKn)
Trpglanar) -+ Treglal)
to show that disc(ay, ..., qa,) € Z.
Exercise 1.6. Let F' be a number field with r; real embeddings 74,...,7,, : F'—= R and
ro pairs of complex embeddings
Trid1y ey Tri42ry - F — (C,

such that 7., y2;(z) = 7 42i—1(z) for x € F. (In particular, n = ry + 2rs.)

(1) Consider the case F' = Q(v/—d) for d € Z-, square-free. Instead of considering
the embedding 7,75 =71 : F' — C, we consider the embedding:

(Re(ry), Im(1y)) : F — C~R?
a+bvV—d— (a,bv/—d).

The image of O is a lattice in R?. Show that the square of the fundamental area of
this lattice is —4disc(Op). (It might help to think about the case Op = Z[v/—d].)
(2) Consider in the general case, the following embedding:

(11, -y 7oy, Re(Toy1), Im(7y,41), Re(7y43), Im(7y43), ...) : F — R™

Show that the square of the fundamental area of the image of Op in R" is
(—3)m2disc(Op). In particular, this implies that disc(Op) has the same sign as

(~1)".

Lecture 1I: Factorization of Ideals.

Exercise 2.1. Consider F' = Q(v/—39) and O = Z[**4=2%]. As explained in the lecture,
we have

_ 1+v-39  1-+v/-39
2.5 = /=3 1=V/=50,

Check that this can be explained by the ideal factorization:

(2)(5) = (2, ) (2, 1247) - (5, L) (5, 1oy

’ 2
(B2 () = )6, 552 - (2,552 (5, 25,
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Exercise 2.2. Consider F = Q((5) for (s = €™/, Accept the fact that Op = Z[(5] and
that the minimal polynomial of (5 is ”";5__11 =zt 43+ +z+ 1.

(1) Give the factorization of 30p, 50r, 110F, and 190F.
(2) What are the ramification index and inertia degree in each case?

Exercise 2.3. Consider F' = Q(\/a) with d # 1 a square-free integer. Prove by explicit
computation that a prime p is ramified in F' if and only if p | disc(OF). (Hint: e.g. when
d = 2,3 mod 4, the factorization of pOp is determined by the polynomial 22 — d modulo
p. The prime p = 2 needs to be discussed separately.)

Exercise 2.4. Consider F' = Q(4/10). Set a = %@.
(1) Show that disc(a) = —300 = 3 - 2% - 52.
(2) Prove that 2 and 5 ramify in F', by checking that 2Z[a] = (2, v/10)? and 5Z[a] =
(5, V10)*.
(3) Recall that a prime p is ramified in F'/Q if and only if p | disc(F). From this
deduce that O = Zla/.

Exercise 2.5. Consider F' = Q(a) with a® — a? — 2a — 8 = 0. Admitting the fact that
20y splits completely, we prove that O cannot be generated by one element of Op.

Suppose not; Op = Z[f] for some f € Op. Let h(z) € Z[z] denote the (monic)
minimal polynomial of §. Explain why 20p splits completely implies that h(x) mod 2
must splits completely into distinct factors in Fylz|. From this deduce a contradiction.
(Hint: Is there a cubic polynomial over Fy that splits completely?) Can you generalize
this to a degree n number field?

Exercise 2.6. Solve the following question with the given steps: which (positive) integer
m is the sum of two squares % + y? for x,y € Z? If it is, in how many ways?
(1) Solving m = x* + y? is equivalent to finding an element = + yi € Z[i] such that
m = Ningg)q(z + yi).
(2) Show that every 4k + 1 type prime p factors in Z[i] as p = (u + vi)(u — vi) for
u,v € N.
(3) Factor m as the product:

_ oA, M1 tr | V1 v,
m =2 SR V] ”'qssa

where pyq, ..., p, are (distinct) 4k+3 type primes and ¢y, . . ., g5 are (distinct) 4k+1
type primes.

Prove that m is the sum of two squares if and only if puq,...,u, are all even
numbers. In this case, prove that an element z+yi € Z]i] is so that m = Nm(z+yi)
if and only if

r+yi=u-(1+ z')A -p‘l“/2 . -pﬁfr/z (uy + v19) " (g — vli)bl o (us + vst)® (us — vsi)bs

where v is a unit (i.e. u € {£1,+i}, p1,...,p, are the (distinct) 4k + 3 type
primes, ¢; = u? + vjz for every j, and v; = a; + b; for every j.



(4) Make explicit what this means by working out the case when m = 5 - 13, when
m = 1105=5-13-17, and when m = 2 - 13.

Lecture III: Ideal Class Groups
Exercise 3.1. In the example F = Q(y/=39), for @ = 4= show that (2,2)* = (a+2).

Exercise 3.2. Use the Minkowski bound to show the real quadratic field Q(v/d) has class
number 1 if d = 2, 3,6 and class number 2 if d = 10.

Exercise 3.3. Use the Minkowski bound to show the imaginary quadratic field Q(v/—d)
has class number 2 if d = 5,6 and class number 4 if d = 14.

Exercise 3.4. For an imaginary quadratic field Q(v/—d) with —d = 2,3 mod 4 a square-
free natural number.

(1) Prove that if an ideal I has norm m < d and m is not a square, then [ is not a
principal ideal.

(2) So if for any odd prime number p < d, —d is a square modulo p, then Q(v/—d) is
not a PID.

(3) What is the corresponding statement when —d = 1 mod 47

We hope to convey through this example that, intuitively, why only finitely many imagi-
nary quadratic fields have class number 1.

Exercise 3.5. Consider F' = Q(«a) with « satisfying a® = a + 1 (per Exercise 1.4(2)).
Prove that O = Z|a] is a PID.

Exercise 3.6. Consider F' = Q(v/2,1/—3). Accept the fact that Op = Z[/2, %js]
(1) Compute the discriminant of Op.
(2) Prove that O is a PID.
(3) Note that F' contains Q(v/—6) which is not a PID. This gives an example that

a number field with class number > 1 could have a finite extension which has
class number 1. Recall that (2,1/—6) is not a principal ideal in Z[/—6]. Find a

principal generator of (2,1/—6) in Op.

Lecture IV: Unit Groups.

Exercise 4.1. Let F' be a quadratic field and let u(F') denote the roots of unity in F.
Show that p(F) = {£1} except when F' = Q(i) (in which case p(F) = {1, +i}) and
when F' = Q(v/—3) (in which case u(F) = {+1, %})

Moreover, if F is an imaginary quadratic field, Oy = u(F).

Exercise 4.2. The —1 Pell’s equation 2% — dy?> = —1 may not always have solutions.



(1) If d > 0 and d = 3 mod 4 is square-free, show that 2> — dy*> = —1 has no solution
in integers x, y. (Hint: consider modulo 4.) (Remark: this means that in this case,
all units of Z[v/d] have norm 1 (as opposed to possibly —1).)

(2) Show z* — dy* = —1 has no solution in integers when d = 6, 14, and 22. (Hint:
modulo 8.)

Exercise 4.3. Consider a biquadratic field F' = Q(y/a, v/—b) with a,b > 0 (implicitly, we
assume that F'/Q has degree 4 and has Galois group (Z/27Z)?; note that F also contains the
imaginary quadratic field Q(v/—ab).) Assume that F' does not contain Q(i) or Q(v/—3).

(1) Prove that u(F) = {£1}. (Hint: If u(F) contains other roots of unity (,, then

Gal(Q(¢,)/Q) is a quotient group of Gal(F/Q).)

(2) Show that O is a subgroup of (’)6(\/5) of index at most 2. (Hint: (1) implies that

there is a generator u € OF such that O} = +u”. Consider the action of complex
conjugation u.)
. X X
(3) Give an example when Oj. # Oa(vay

Exercise 4.4. In Z[v/2], show u = 1 + v2 and v = 1 + /2 are units and they are
multiplicatively independent: if u®® =1 for a,b € Z then a = 0 and b = 0.

Exercise 4.5. For a Dirichlet character x : (Z/8Z)* — {£1} given by x(1) = x(7) =1
and x(3) = x(5) = —1. Compute the following L-value:

1 1 1 1 1 1 1
L Ni=1— - —— — - - —
e 1) 375 779 11 1B 15
(Hint: set f(z) = = — %x?’ — %:E5 + %:137 + -+, compute f'(z) first, and then find f(z)
by integration.) Note that In(v/2 + 1) shows up naturally (and note that /2 4 1 is the

generator of the unit group Z[v/2]* and disc(Z[v/2]) = 8).



