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Definition
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What is a mock modular form?

Definition
A harmonic Maass form of level I' C SL»(Z) and weight k € Z is a
smooth function F : h — C such that

() F(Z£) = (cr+ d)F(r), (24)erT
(i) AgF =0

(iii) F is ‘meromorphic’ at the cusps of I.

Write F = F* + F~, F* holomorphic, F~ anti-holomorphic.

Definition

A mock modular form is the holomorphic part F of a harmonic
Maass form.
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Some geometric notation

Set. I = To(N) (or [1(N)), K C C.
e Y = Yr = modular curve over K, X = Xr = YU C.

e w = line bundle of holo. modular forms of weight 1 over X
(r.d.s. of E&" — X).

o H, = Symr(’H(llR(Egen/X))

e Gauss-Manin connection V, : H, — H, ® Q}<(Iog C).

Definition
The weight k parabolic cohomology (k > 2) is the K-vector space

Vi
H%)ar(xa vl<—2) = Hl(Hk—2 ®RZLc L; Hrk—2® Qg'(),
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Parabolic cohomology

o Si(I', K) = cusp forms with coefficients in K.

e M, (T, K) = weakly holomorphic modualar forms.

e S,(T,K) = weakly holomorphic cusp forms.

o D =q(d/dq), then Dk~ : M, (T, K) — S,(T, K).
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Parabolic cohomology

Sk(T', K) = cusp forms with coefficients in K.

M, (T, K) = weakly holomorphic modualar forms.

S; (T, K) = weakly holomorphic cusp forms.
D = q(d/dq), then DK=L : M} (T, K) — S, (T, K).

Theorem (C., BGKO, Scholl...)

S.(T,K)
H! (X, Vi_2) ~ 8 .
par (X, Vi=2) Dk=1M; (T, K)

Theorem (Shimura, Deligne)

HL,.(Xc, Vi_2) = Sk(T,C) @ S(T,C)

par
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Geometric point of view

o f € S (l,K) anewform, H}

par( Xk, Vk—2)r the isotypical
component.
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Geometric point of view

o f € S5l K) a newform, Htl)ar(XK,Vk,g)f the isotypical
component.

par(X(c, kaz)f =CfepC f.
o Let ¢ € S,(I', K), such that [¢] € Hllaar(XK, Vi—2)f,

e Shimura = HZ

[¢] = sif + sof, s1,5 € C J

e ‘integrate’
¢ —s1f — sf € HI(Y(C ® C, kaz) = kerVk,g/im Vo,

Vk_2F:¢—51f—52F. J

e FT™ = Eichler integral of ¢ — s;f.
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Geometry of MMF p-adic geometry Results

Algebraicity of coefficients
Can s; € C be chosen to be algebraic? Yes if f is CM. l

Conjecture (Bruinier-Ono-Rhoades, Katz)

s1 € Qif and only if £ is CM.

Unknown even for k = 2 (Katz).
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Rigid analytic spaces

p >3 aprime, p{ N, K, = p-adic completion of K.

Xy = {x € X, : |Ep1(x)| > 1}, r<1 J

Definition

An overconvergent modular form of weight k € Z is a rigid analytic
section f € HO(X(,),w), for r < 1.

o Let W = X(pfp/,m) and W, = X(p,l/pﬂ). There are p-adic
operators

U = Up : HO(WQ,gk) — HO(W17£k) g HO(W27Qk)
V =V, : HO(Wh, wk) — HO(Wh, w)
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p-stabilization

Let f =721 anq" € Sk(T1(N), K) be a newform and let

T? —a, T+ x(p)p* " = (T - B)(T - B)

be the p-th Hecke polynomial of f. Then the overconvergent
modular forms

fo:=f—B'V(F), fa:=F—BV(F)

in HO(Ws,wk) are U-eigenvectors with eigenvalues 3 and 3/,
respectively.
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Cohomology

Theorem (C.-Castella)
Let f =72, anq" € Sk(T1(N), K) be a newform of weight
k > 2, and let 3 and 3’ be the roots of T? — a, T + x(p)p*~1,

ordered so that v, () < vp(B'). Assume that the following two
conditions hold:

(i) B#8"
(i) o) # k- 1.
Then {[f], [V(f)]} is a basis for HL,.(Xk,, Vi—2)f-

par

e Idea: [fg],[fs] form a basis.
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Cohomology

Theorem (C.-Castella)
Let f =72, anq" € Sk(T1(N), K) be a newform of weight
k > 2, and let 3 and 3’ be the roots of T? — a, T + x(p)p*~1,

ordered so that v, () < vp(B'). Assume that the following two
conditions hold:

(i) B#8"
(i) o) # k- 1.
Then {[f], [V(f)]} is a basis for HL,.(Xk,, Vi—2)f-

par

e Idea: [fg],[fs] form a basis.

o Compare to: H}, .(Xc,Vi_2)f =CfaCF

par
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p-adic HMF and MMF

o f € S5k(l, K) a newform, Héar(XK,Vk_z)f the isotypical
component.
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p-adic HMF and MMF

o f € S (I, K) anewform, HY, (Xk, Vi_2)r the isotypical

par
component.
® H%)ar(XK;ﬂ vk—2)f — Kp f D Kp V(f)
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p-adic HMF and MMF

o f € S5k(l, K) a newform, Héar(XK,Vk_2)f the isotypical

component.
o HL, (Xk, Vi—2)r = Kp f @ K, V().

par

o Let ¢ € S,(I', K), such that [¢] € Hllaar(XK, Vi—2)f,

[¢] = tif + LV(F), t,t2€ K, J

e ‘integrate’
¢ — t1f — L V(f) € HY(Wa, Vi_2) = ker Vi_p/im Vi_2,

Vi_oF, :¢—t1f—t2V(f). J
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p-adic HMF and MMF

o e S(l,K) anewform, HY, (Xk, Vi_2)f the isotypical
component.
o HL, (Xk, Vi—2)r = Kp f @ K, V().

par

o Let ¢ € S,(I', K), such that [¢] € Hllaar(XK, Vi—2)f,

[¢] = tif + LV(F), t,t2€ K, J

e ‘integrate’
¢ — t1f — L V(f) € HY(Wa, Vi_2) = ker Vi_p/im Vi_2,

Vi_oF, :¢—t1f—t2V(f). J

o F,;L = Eichler integral of ¢ — t1f (a p-adic mock modular

form).
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Coleman Conjecture

e Coleman: if f has CM by a quadratic field where p splits, then
[far] = 0.
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Coleman Conjecture

e Coleman: if f has CM by a quadratic field where p splits, then
[far] = 0.

Conjecture (Coleman)

[f3] = 0 if and only if f has CM by a quadratic field where p splits.

e True for k = 2.

e Emerton: Variational Hodge Conjecture = Coleman
Conjecture.
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p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)

Let o € C be such that a — ¢t (1) € K. Then the coefficients of

00
Fai=F'—afr= Y c"(n)q"—a} a(mn'~q"
n>>—oo n=1

are all in K.
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p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)

Let o € C be such that a — ¢t (1) € K. Then the coefficients of

00
Fai=F'—afr= Y c"(n)q"—a} a(mn'~q"
n>>—oo n=1

are all in K.

<

F+=E¢—S]_Ef, sle(C. D\
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p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)
Assume that v,(8) < vp(B’) and that v,(8') # k — 1. Then

" U"D" Y (Fery)
m
wotoo  Cer(1)(PY)

= fﬁ’

where we write Dk_l(fc+(1)) =D > o0 St (1) (MG
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p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)
Assume that v,(8) < vp(B’) and that v,(8') # k — 1. Then

" U"D" Y (Fery)
m
wotoo  Cer(1)(PY)

= f/67

where we write Dk_l(fc+(1)) =D > o0 St (1) (MG

[D* Y (Ferr))] = talfs] + talfar] € HL,o(Xk,, Vi—2)r
Dk_l(fc+(1)) = t1fg + tafg + Dk1p

Apply U" as w — oo. [
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Moral of the story

Mock modular forms and harmonic Maass forms can be approached
cohomologically, both from a complex and p-adic point of view.
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