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Geometry of MMF p-adic geometry Results

What is a mock modular form?

Definition

A harmonic Maass form of level Γ ⊆ SL2(Z) and weight k ∈ Z is a
smooth function F : h→ C such that

(i) F
(

aτ+b
cτ+d

)
= (cτ + d)kF (τ),

(
a b
c d

)
∈ Γ

(ii) ∆kF = 0

(iii) F is ‘meromorphic’ at the cusps of Γ.

Write F = F+ + F−, F+ holomorphic, F− anti-holomorphic.

Definition

A mock modular form is the holomorphic part F+ of a harmonic
Maass form.
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Geometry of MMF p-adic geometry Results

Some geometric notation

Set Γ = Γ0(N) (or Γ1(N)), K ⊆ C.

• Y = YΓ = modular curve over K , X = XΓ = Y ∪ C .

• ω = line bundle of holo. modular forms of weight 1 over X
(r.d.s. of E gen → X ).

• Hr := Symr (H1
dR(E gen/X ))

• Gauss-Manin connection ∇r : Hr −→ Hr ⊗ Ω1
X (logC ).

Definition

The weight k parabolic cohomology (k ≥ 2) is the K -vector space

H1
par(X ,∇k−2) := H1(Hk−2 ⊗ IC

∇k−2−→ Hk−2 ⊗ Ω1
X ),
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Geometry of MMF p-adic geometry Results

Parabolic cohomology

• Sk(Γ,K ) = cusp forms with coefficients in K .

• M !
k(Γ,K ) = weakly holomorphic modualar forms.

• S !
k(Γ,K ) = weakly holomorphic cusp forms.

• D = q(d/dq), then Dk−1 : M !
2−k(Γ,K )→ S !

k(Γ,K ).

Theorem (C., BGKO, Scholl...)

H1
par(XK ,∇k−2) '

S !
k(Γ,K )

Dk−1M !
2−k(Γ,K )

.

Theorem (Shimura, Deligne)

H1
par(XC,∇k−2) ' Sk(Γ,C)⊕ Sk(Γ,C)
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Geometry of MMF p-adic geometry Results

Geometric point of view

• f ∈ Sk(Γ,K ) a newform, H1
par(XK ,∇k−2)f the isotypical

component.

• Shimura ⇒ H1
par(XC,∇k−2)f = C f ⊕ C f̄ .

• Let φ ∈ S !
k(Γ,K ), such that [φ] ∈ H1

par(XK ,∇k−2)f ,

[φ] = s1f + s2f̄ , s1, s2 ∈ C

• ‘integrate’
φ− s1f − s2f̄ ∈ H1(YC ⊗ C∞Y ,∇k−2) = ker∇k−2/ im∇k−2,

∇k−2F = φ− s1f − s2f̄ .

• F+ = Eichler integral of φ− s1f .
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Geometry of MMF p-adic geometry Results

Algebraicity of coefficients

Question

Can s1 ∈ C be chosen to be algebraic? Yes if f is CM.

Conjecture (Bruinier-Ono-Rhoades, Katz)

s1 ∈ Q if and only if f is CM.

Unknown even for k = 2 (Katz).
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Geometry of MMF p-adic geometry Results

Rigid analytic spaces

p > 3 a prime, p - N, Kp = p-adic completion of K .

X(r) = {x ∈ XKp : |Ep−1(x)| > r}, r ≤ 1

Definition

An overconvergent modular form of weight k ∈ Z is a rigid analytic
section f ∈ H0(X(r), ω

k), for r < 1.

• Let W1 = X(p−p/p+1) and W2 = X(p−1/p+1). There are p-adic
operators

U = Up : H0(W2, ω
k) −→ H0(W1, ω

k) ⊆ H0(W2, ω
k)

V = Vp : H0(W1, ω
k) −→ H0(W2, ω

k)
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Geometry of MMF p-adic geometry Results

p-stabilization

Theorem

Let f =
∑∞

n=1 anq
n ∈ Sk(Γ1(N),K ) be a newform and let

T 2 − apT + χ(p)pk−1 = (T − β)(T − β′)

be the p-th Hecke polynomial of f . Then the overconvergent
modular forms

fβ := f − β′V (f ), fβ′ := f − βV (f )

in H0(W2, ω
k) are U-eigenvectors with eigenvalues β and β′,

respectively.
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Geometry of MMF p-adic geometry Results

Cohomology

Theorem (C.-Castella)

Let f =
∑∞

n=1 anq
n ∈ Sk(Γ1(N),K ) be a newform of weight

k > 2, and let β and β′ be the roots of T 2 − apT + χ(p)pk−1,
ordered so that vp(β) 6 vp(β′). Assume that the following two
conditions hold:

(i) β 6= β′.

(ii) vp(β′) 6= k − 1.

Then {[f ], [V (f )]} is a basis for H1
par(XKp ,∇k−2)f .

• Idea: [fβ], [fβ′ ] form a basis.

• Compare to: H1
par(XC,∇k−2)f = C f ⊕ C f̄
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Geometry of MMF p-adic geometry Results

p-adic HMF and MMF

• f ∈ Sk(Γ,K ) a newform, H1
par(XK ,∇k−2)f the isotypical

component.

• H1
par(XKp ,∇k−2)f = Kp f ⊕ Kp V (f ).

• Let φ ∈ S !
k(Γ,K ), such that [φ] ∈ H1

par(XK ,∇k−2)f ,

[φ] = t1f + t2V (f ), t1, t2 ∈ Kp

• ‘integrate’
φ− t1f − t2V (f ) ∈ H1(W2,∇k−2) = ker∇k−2/ im∇k−2,

∇k−2Fp = φ− t1f − t2V (f ).

• F+
p = Eichler integral of φ− t1f (a p-adic mock modular

form).
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Geometry of MMF p-adic geometry Results

Coleman Conjecture

• Coleman: if f has CM by a quadratic field where p splits, then
[fβ′ ] = 0.

Conjecture (Coleman)

[fβ′ ] = 0 if and only if f has CM by a quadratic field where p splits.

• True for k = 2.

• Emerton: Variational Hodge Conjecture ⇒ Coleman
Conjecture.
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Geometry of MMF p-adic geometry Results

p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)

Let α ∈ C be such that α− c+(1) ∈ K. Then the coefficients of

Fα := F+ − αEf :=
∑

n�−∞
c+(n)qn − α

∞∑
n=1

a(n)n1−kqn

are all in K.

Proof.

F+ = Eφ − s1Ef , s1 ∈ C.
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Geometry of MMF p-adic geometry Results

p-adic properties of MMF

Theorem (Guerzhoy-Kent-Ono)

Assume that vp(β) < vp(β′) and that vp(β′) 6= k − 1. Then

lim
w→+∞

UwDk−1(Fc+(1))

cc+(1)(pw )
= fβ,

where we write Dk−1(Fc+(1)) =
∑

n�−∞ cc+(1)(n)qn.

Proof.

[Dk−1(Fc+(1))] = t1[fβ] + t2[fβ′ ] ∈ H1
par(XKp ,∇k−2)f

Dk−1(Fc+(1)) = t1fβ + t2fβ′ + Dk−1h

Apply Uw as w →∞.
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Geometry of MMF p-adic geometry Results

Moral of the story

Mock modular forms and harmonic Maass forms can be approached
cohomologically, both from a complex and p-adic point of view.
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