
Lecture 1: Gauss sum, number of solutions of equations over finite

fields and Weil conjecture

August 9, 2016

We start with two results of Gauss:

1. (Gauss sum) Let p be an odd prime and a be an integer prime to p. For a nontrivial Dirichlet character
χ : (Z/pZ)× → C×, we define χ(0) = 0 so that χ is now defined on the field Z/pZ. Define the Gauss
sum

τa(χ) =
p−1∑
x=0

χ(x)e(
ax

p
),

here e(z) = e2πiz. Then it satisfies the property that |τa(χ)| = √
p;

2. (counting number of solutions of equations over finite fields) Again let p be an odd prime. We are
interested in the number

Np = ]{(x, y) ∈ (Z/pZ)× (Z/pZ)|y2 = x3 − x}.

Gauss computed this number and his result can be stated as follows: when p ≡ 3(mod 4), Np = p;
when p ≡ 1(mod 4), we can find integers r and s such that p = r2 + s2. If we further require that
r is odd, s is even and r + s ≡ 1(mod 4) then r and s are uniquely determined. Under this setting,
Np = p− 2r. In particular, we have the estimation |Np − p| ≤ 2

√
p as |r| ≤ √

p.

Question: is there any relation between the above two results? In the following, I will use an example to
explain the relation between the Gauss sum and number of solutions of equations over finite fields.

Exercise 1. Prove the above statements. (Hint: Actually only the computation of Np when p ≡ 1(mod 4)
is complicated. A good reference of this result is [1] Chapter 11).

Remark 1. Let ( ·p ) be the Legendre symbol. Then we have

Np =
∑

x∈Z/pZ
(1 + (

x3 − x

p
)) = p +

∑

x∈Z/pZ
(
x3 − x

p
).

So the above estimation becomes

|
∑

x∈Z/pZ
(
x3 − x

p
)| ≤ 2

√
p.

Since the Legendre is the quadratic character of (Z/pZ)×, we see that the number Np can be expressed as the
sum of some values of characters. We will use this idea in the following discussion.
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Now let p be an arbitrary prime and q be a power of p. Let k = Fq be the finite field with q elements.
We consider the homogeneous equation

a0x
n
0 + a1x

n
1 + . . . + arx

n
r = 0 (2)

over k, for ai ∈ k×, i = 0, . . . r. We make a further assumption q ≡ 1(mod n) to simplify the notations. We
want to study the number of solutions of this homogenous equation over k, which is denoted by Nq.

For each (r + 1)-tuple u = (u0, u1, . . . , ur), define a linear equation L(u) = a0u0 + a1u1 + . . . arur. Then
the homogenous equation (2) is equivalent to the following system of equations:





L(u) = 0
xn

0 = u0

. . .

xn
r = ur

(3)

So we have
Nq =

∑

L(u)=0

N0(u0) . . . Nr(ur),

here Ni(ui) is the number of solutions of the equation xn
i = ui over k. More precisely, we have:

Ni(ui) =





1, if ui = 0
n, if ui is an n-th power in k×

0, otherwise
(4)

Notice that here we use the assumption that q ≡ 1(mod n). Since the multiplicative group k× is cyclic, it
has a unique subgroup of order n.

As mentioned in Remark 1, we want to express the number Ni(ui) as the sum of some values of characters
of k×. First we need a concrete description of such characters. Fix a generator w of k×, then any character
of k× is of the form

χα(w) = e2πiα,

for some α ∈ Q satisfying (q − 1)α ∈ Z. As before, we extend χα to k by requiring

χα(0) =

{
0, if α /∈ Z
1, if α ∈ Z (5)

Under the above notations, we have:

Ni(ui) =
∑

α∈[0,1),nα∈Z
χα(ui).

Exercise 2. Verify this equality. (Hint: When ui = 0, both sides are equal to 1. When ui 6= 0, the right
hand side becomes

∑n−1
i=0 ζi, for ζ = χ 1

n
(u). Notice that ζ = 1 if and only if u is an n-th power).

Now we can write Nq as the sum:

Nq =
∑

L(u)=0

(
∑

α=(α0,...,αr),αi∈[0,1),nαi∈Z
χα0(u0) . . . χαr

(ur))

=
∑

α=(0,...,0)

∑

L(u)=0

χα0(u0) . . . χαr
(ur) +

∑

some αi are 0, but not all
(

∑

L(u)=0

χα0(u0) . . . χαr
(ur))

+
∑

α=(αi∈(0,1),nαi∈Z

∑

L(u)=0

χα0(u0) . . . χαr (ur)
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Exercise 3. Compute the first two sums in the above expression and show that
∑

α=(0,...,0)

∑

L(u)=0

χα0(u0) . . . χαr
(ur) = qr,

and ∑

some αi are 0, but not all
(

∑

L(u)=0

χα0(u0) . . . χαr
(ur)) = 0

(Hint: For the second sum, without loss of generality, you can assume that α0 = . . . = αs = 0 and αs+1, . . . αr

are nonzero for some 0 ≤ s ≤ r − 1. Then do the computation.)

By the above exercise, we have:

Nq = qr +
∑

α=(α0,...,αr),αi∈(0,1),nαi∈Z

∑

L(u)=0

χα0(u0) . . . χαr (ur).

Replacing ui by ui/ai, the sum becomes

Nq = qr +
∑

α=(α0,...,αr),αi∈(0,1),nαi∈Z
χα0(a

−1
0 ) . . . χαr (a

−1
r )S(α)

where
S(α) =

∑
u0+...ur=0

χα0(u0) . . . χαr (ur)

We can decompose S(α) into two parts:

S(α) =
∑

u0+...ur=0,u0=0

χα0(u0) . . . χαr
(ur) +

∑

u0+...ur=0,u0 6=0

χα0(u0) . . . χαr
(ur).

Since χα0(0) = 0, the first sum in the above expression is 0. For the second sum, since u0 6= 0, we can do
the change of variables ui = u0vi, i = 1, . . . , r. Then

S(α) =
∑

1+v1+...+vr=0

χα1(v1) . . . χαr
(vr)

∑

u0 6=0

χβ(u0),

for β = α0 + . . . + αr.

Exercise 4. Show that
∑

u0 6=0

χβ(u0) =

{
q − 1, if β ∈ Z
0, if β /∈ Z

For any (r + 1)-tuple α = (α0, . . . , αr) satisfying αi ∈ (0, 1), nαi ∈ Z and
∑r

i=0 αi ∈ Z, define

J(α) =
∑

1+v1+...+vr=0

χα1(v1) . . . χαr (vr) =
1

q − 1

∑
u0+...ur=0

χα0(u0) . . . χαr (ur),

which is called the Jacobi sum of the characters χα0 , . . . , χαr
. Under this definition, we have

Nq = qr + (q − 1)
∑

αi∈(0,1),nαi∈Z,
Pr

i=0 αi∈Z
χα0(a

−1
0 ) . . . χαr (a

−1
r )J(α).
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The Jacobi sum is closely related to the Gauss sum, which we will define now. If χ : k× → C× is a
nontrivial character, for any a ∈ k×, define the Gauss sum as

τa(χ) =
∑

t∈k

χ(t)ζTr(at)
p ,

where ζp = e
2πi

p and Tr : k → Fp is the trace map. Notice that when k = Fp, this definition coincides
with the definition we give at the beginning and similarly we have |τa(χ)| =

√
q. For simplicity, we set

τ(χ) = τ1(χ). Under this definition, we have:

J(α) =
1
q
τ(χα0) . . . τ(χαr ).

Exercise 5. Prove the above equality. (Hint: You can start with some simple cases, e.g. k = Fp and r = 2
to get some feeling about what this equality says.)

As a consequence of the above equality, we have an estimation

|Nq − qr| = M(q − 1)q
r−1
2 ,

here M is the cardinality number of the set {α = (α0, . . . , αr)|αi ∈ (0, 1), nαi ∈ Z,
∑r

i=0 αi ∈ Z}.
Since the equation (2) is homogenous, it defines a hypersurface S in the projective space Pr(k). Recall

that
Pr(k) = {[X0, X1, . . . , Xr] ∈ kr+1|X ′

is are not all zero}/ ∼,

and [X0, X1, . . . , Xr] ∼ [Y0, Y1, . . . , Yr] if and only if there exists c ∈ k× such that Xi = cYi for all i.
Let N ′

q be the number of k-rational points on the hypersurface S. Then

N ′
q =

Nq − 1
q − 1

= 1 + q + . . . + qr−1 +
∑
α

χα0(a
−1
0 ) . . . χαr

(a−1
r )J(α).

Since the hypersurface S is defined over k, we can do similar discussion as above for any finite extension of
k. To be more precise, for any positive integer s, let ks/k be the finite extension of degree s so ks has qs

elements. Let N ′
qs be the number of ks-rational points on S. Then from the above discussion, we have

N ′
qs = 1 + qs + . . . + qs(r−1) +

∑
α

χ(s)
α0

(a−1
0 ) . . . χ(s)

αr
(a−1

r )J (s)(α),

here χ
(s)
α is the character of k×s which sends a fixed generator w(s) to e2πiα.

If we want to compare the numbers N ′
q and N ′

qs , we need to know relations between characters of k×

and k×s . In fact, let Nm : k×s → k× be the norm map, which is known to be surjective. Hence the norm map
must maps a generator of k×s to a generator of k×. If we choose the generators suitably, we will have the
equality χ

(s)
α = χα ◦ Nm. Based on this fact, Davenport and Hasse proved the following relation on Jacobi

sums (see [1] Chapter 11 or [1]):
Js(α) = (−1)(s−1)(r−1)J(α)s.

From this we have:

N ′
qs = 1 + qs + . . . + qs(r−1) +

∑
α

(−1)(s−1)(r−1)(χα0(a
−1
0 ) . . . χαr

(a−1
r )J(α))s. (6)
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If we want to record the numbers N ′
qs for all s, we can consider the formal power seris

f(U) =
∞∑

s=1

N ′
qsUs−1.

Using the equality (6), and the identity

∞∑
s=1

XsUs−1 =
d

dU
(− log(1−XU)),

we have

f(U) =
r−1∑

i=0

d
dU

(− log(1− qiU)) + (−1)r
∑
α

d
dU

(− log(1− C(α)U))

here C(α) = (−1)r−1χα0(a
−1
0 ) . . . χαr

(a−1
r )J(α).

Definition 7. The zeta function of the hypersurface S/k is defined to be the formal power series

Z(S/k, U) = exp(
∞∑

s=1

N ′
qs

s
Us).

From the above discussion, we see that the zeta function is of the form

Z(S/k, U) =
P (U)(−1)r

(1− U)(1− qU) . . . (1− qr−1U)
,

for P (U) =
∏

α(1− C(α)U).
Here are some observations on the zeta function:

1. Z(S/k, U) is a rational function of U ;

2. Write P (U) = (1− b1U) . . . (1− bmU), then all the bi’s are algebraic integers with absolute value q
r−1
2 .

Moreover, the map b 7→ qr−1/b is a permutation of the set {b1, b2, ..., bm}.

A.Weil made a conjecture predicting some properties of the zeta functions of smooth projective varieties over
finite fields and gave a proof for projective curves. In the following lectures, I will give the precise statement
of Weil’s conjecture and explain his proof for curves.
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