MODULAR FORMS (DRAFT, CTNT 2016)

KEITH CONRAD

1. INTRODUCTION
A modular form is a holomorphic function on the upper half-plane
h={z+iy:2e€R,y>0}={re€C:Im7 > 0}

that transforms in a certain way under a discrete matrix group and has a nice behavior at
infinity. To explain this more precisely (see Definition below) we introduce a few 2 x 2
real matrix groups.

Definition 1.1. Set

GLy(R) = {A e My(R):det A0},
GLI(R) = {A€MyR):detA >0},
SLy(R) = {A€My(R):detA=1}.

These are all groups under matrix multiplication, with identity I = ({ {). The notations
GL and SL stand for “general linear” and “special linear,” where the word “special” is
shorthand for “determinant 1.” Clearly GL2(R) D GL; (R) D SLa(R).

We will be interested in discrete subgroups of GLg2(R), especially the integer-matrix
analogue of SLa(R), which if]

SLZ(Z):{(Z Z)EMg(Z):@d—bCzl}.

If you pick three integers in a 2 x 2 matrix and solve for the fourth to have ad — bc = 1,
usually it won’t be an integer so you don’t get a matrix in SLa(Z). To create a matrix in
SLo(Z) “randomly,” pick any pair of relatively prime integers for the first column and solve
for the second column using Euclid’s algorithm. For example, to find a matrix (38 ) in

SLa(Z) is the same as solving 18y — 25z = 1 in integers x and y.
Definition 1.2. Let k € Z. A modular form of weight k for SLy(Z) is a function f: h — C
such that

(1) f is holomorphic on b,

(2) f <Z:_ts> = (et + d)*f(7) for all ( CCL cbl

(3) the values f(7) are bounded as Im7 — oo.

) € SLa(Z) and all 7 € b,

Often “ImT — 00” is written as 7 — 700 and we think of ioco as a point infinitely high
up in b, analogous to co and —oo lying infinitely far to the right or left of R.

1The group GL2(Z) is not the 2 x 2 integer matrices with nonzero determinant, since that is not a group:
the inverse of such a matrix need not have integer entries. Instead, GL2(Z) = {A € M2(Z) : det A = £+1}.
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Remark 1.3. The three defining properties of a modular form are independent of each
other: there are functions h — C satisfying any two of the three properties but not satisfying
the third (for some choice of k).

The zero function on b is a modular form of every weight. We will eventually see that the
only modular form of negative weight, odd weight, or weight 2 for SLy(Z) is the function 0,
the only modular forms of weight 0 for SLy(Z) are constant functions, and for every even
k > 4 we’ll use a construction called Eisenstein series in Section 4] to give a nonzero example
of a modular form of weight k for SLa(Z).

The second property in the definition of a modular form is called the modularity condition.
Let’s make it explicit in three examples.

Example 1.4. For the matrix ({ 1) € SL2(Z), the modularity condition means f(7+1) =
f(7) for all 7 € h. The weight k plays no role here.

Example 1.5. For the matrix (9 7)) € SLy(Z), the modularity condition means f(—1/7) =
7k f(7) for all 7 € h. Here we see k appears prominently.

Example 1.6. For the matrix (7} %) € SLa(Z), the modularity condition means f(7) =

(=1)kf(7) for all T € b, so if k is odd then f is identically zero: the only modular form of
any odd weight for SLa(Z) is the zero functionﬂ

It is no surprise that modular forms might have (and do have!) applications in complex
analysis, since by definition they are certain holomorphic functions. They are also connected
to many other areas of math, such as combinatorics, number theory, geometry (both hyper-
bolic geometry and algebraic geometry), representation theory, and mathematical physics.
Here are some reasons for these other connections.

(1) Modular forms can be expanded into power series in the complex variable ¢ = €27

(this is called a g-expansion), and many g-series in combinatorics turn out to be
modular forms or closely related to modular forms.

(2) The theta-function of a positive-definite quadratic form in number theory is a mod-
ular form and the L-function of an elliptic curve over Q (a generalization of the
Riemann zeta-function) is also the L-function of a modular form. The link between
elliptic curves and modular forms is how Wiles proved Fermat’s Last Theorem: a
counterexample to Fermat’s Last Theorem leads to a contradiction of what we know
about modular forms.

(3) The upper half-plane b is a model for hyperbolic geometry, and constructions on b
that are relevant to modular forms (e.g., fundamental domains and the Petersson
inner product) have an appealing interpretation using the language of hyperbolic
geometry.

(4) Modular forms provide embeddings of certain algebraic varieties into projective
space.

(5) A modular form can be turned into a representation of an adelic matrix group.

(6) Generating functions in string theory and conformal field theory can be described
in terms of modular forms.

2Modular forms can be defined for finite-index subgroups of SL2(Z), and when the subgroup does not
contain —I2 there might be nonzero modular forms of odd weight for that subgroup.
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2. WHY THE MODULARITY CONDITION?

Why would anyone think the equation

F(550) = e v atso)

in the definition of a modular form is interesting? It arose from 19th century developments
in complex analysis and geometry, which we will discuss in this section.

While the group GLa(R) acts on R? by linear transformations (any 2 x 2 matrix A sends
each vector v in R? to the vector Av in R?, and Iov = v and A(Bv) = (AB)v for all A
and B in GL2(R)), the group GLJ (R) acts on h by linear fractional transformations: for
T € b, define

a b ar +b
2.1 = .
(2.1) <C d>T ct +d

The reason ([2.1)) lies in b follows from the imaginary part formula

at +b\  (ad —bc)ImT
cr+d ler + d|?

(2.2) )

for € C — {—d/c} and real a,b,c,d. By this formula, which the reader can check as an
exercise, if 7 € h and ad — be > 0 then (ar +b)/(cT +d) € h. To show defines a (left)
group action of GL (R) on b, check that Iy7 = 7 and A(BT) = (AB)7 for all A and B in
GLJ (R).

For (¢%) € GLj (R) and = € R*, the matrix (2¢2%) is in GLj (R) (its determinant is
z?(ad — bc)) and it acts on b in the same way as ( does since (zar + zb)/(zer + xd) =
(at +b)/(ct + d). This is different from GL2(R) acting as linear transformations on R?,
where different matrices have different effects somewhere (in fact on either ((1]) or ((1))) Using
x = 1/v/ad — bc shows every matrix in GL3 (R) acts on h in the same way as a matrix in
SLa(R).

One of the reasons for interest in linear fractional transformations of § by matrices in
SLa(R) is the classification of compact surfaces. Aside from the Riemann sphere C =
C U {0} and a torus C/L for any lattice L in C, every other compact orientable surface
can be realized as a quotient space I'\h = {I'7 : 7 € h} where b is acted on from the left by
some discrete subgroup I' of SLy(R) using linear fractional transformations. This should
be thought of as a two-dimensional analogue of the construction of a circle as a quotient
space R/Z, where Z acts on R as discrete additive translations (z — = + n for n € Z)E|

The similarity between a quotient of C by a lattice and a quotient of § by a discrete
subgroup of SLa(R) becomes more striking when we use the language of geometry: a lattice
in C acts on C as a discrete group of additive translations that each preserve Euclidean
distances on C, while linear fractional transformations of h coming from matrices in SLa(R)
each preserve non-Euclidean distances on h when we view b as the hyperbolic plane (see
Appendix . From the viewpoint of Euclidean and non-Euclidean geometry, compact ori-
entable surfaces other than C have similar descriptions: they arise as a model geometric

ra x
TC T
ab)
cd

3 While R has a group structure, with Z a subgroup of R, h does not have a group structure and discrete
subgroups of SL2(R) are generally noncommutative, so we write I'\ rather than h/T" to emphasize the
leftness of the group action. In contrast, there is no real difference between R/Z and Z\R since the group
structure on R is commutative. The backslash \ in Z\R is important since writing Z/R would be terrible.
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space (C or h) modulo the action of an appropriateﬂ discrete group of distance-preserving
transformations of that space.

An important way to study a space is to study nice functions (continuous, smooth,
analytic) on the space. For a discrete group I' in SLa(R), creating nice nonconstant complex-
valued functions on I'\h is the same thing as creating nice functions f: h — C that are
I-invariant: f(y7) = f(7) for all v € I" and 7 € h. Two non-invariant functions lead to an
invariant function if they fail to be invariant by the same fudge factor: if

f(‘”“’) = (cr + d)F f(r) and g<‘”+b) = (e + d)Fg(r)

ct+d ct +d

forall (¢%) € ' and 7 € b, and the same “weight” k, then the ratio f(7)/g(7) is T-invariant:

f(am +b)/(cm +d)) _ (T +d)"f(r) _ f(7)
g((at +b)/(ct +d)) — (em +d)kg(r) — g(r)’

But why should we use fudge factors of the form (cr 4 d)*?
Suppose for a function f: h — C that f(y7) and f(7) are always related by a factor
determined by v € I' and 7 € hj:

(2.3) fOyr) =3(v,7)f(7)

for some function j: I' x h — C. That (2.1) defines a (left) group action of SLy(R) on b
means in part that (y172)7 = 71(727), so f((1172)7) = f(71(727)). This turns (2.3) into

(2.4) J(mye, ) () = G, 727) f(927).
Since f(y27) = j(y2, T . ) holds if
(2.5) (e, 7) = 3(11,727)i (2, 7)),

which looks hke the chain rule (f1 o f3)'(z) =

1
example of (2.5) using differentiation: when vy = (@

)J
(fo(z))f5(x). This suggests a natural
b) set

(7, 7) = at+b ’_a(cr+d)—c(a7-+b)_ ad — be
ST = er+d) (et + d)? T (et +d)?

and for v € SLy(R) this says j(v,7) = 1/(ct +d)?. When j(v, 7) fits (2.5) so does j(v, 7)™
for each m € Z, which motivates the consideration of the modularity condition with factors
1/(ct + d)*, at least for even k.

Exercises.

1. Prove ([2.2]).

2. Prove defines a (left) group action of GLJ (R) on b.

3. Prove two matrices in GL;(R) act in the same way everywhere on b if and only if
they are scalar multiplies of each other.

4For some discrete subgroups I' of SLa(R)), I'\ SL2(R) is not compact.
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3. SIMPLIFYING THE MODULARITY CONDITION FOR SLs(Z)

The only modular forms we have seen are boring: the zero function in any weight and
constant functions in weight 0. Before giving interesting example of modular forms will use
group theory to simplify the modularity condition in the definition of a modular form. It
is an infinite set of equations, one for each matrix in SLy(Z), but the following lemma will
let us check the modularity condition on a set of generators for SLy(Z) to know it holds for
all matrices in the group.

Lemma 3.1. If a function f: §h — C satisfies the modularity condition with weight k for
two matrices y1 and yo in SLa(Z) then it satisfies the modularity condition with weight k
for v1y2 and for the inverse 71_1.

Proof. Let y1 = (* b1 ) and yo = (92 b2 ). The modularity condition with weight & for these

c1 dp c2 do
matrices says f(y17) = (c17+d1)* f(7) and f(y27) = (com+d2)* f(7) for all 7 € b. It follows
that for all 7,

f((m2)r) = f(n(rer))
= (a7 + d1)* f(7er)
= (c1727 + d1)*(cat + A)F f(7).
Since o1 = (a7 + b2)/(caT + d2), a calculation shows
(c1727 + d1)* (a7 + d)F = ((c1a2 + dica)T + (c1ba + dida))",
SO
(3.1) F((n2)7) = ((cra2 + dica)T + (c1ba + dida))* f(7),

and the bottom matrix entries of

_ ar b az ba N * *
RAE e N ca do )\ crag+dica c1by + dido

are exactly the “c” and “d” that appear when we write f((y172)7) as (cr+d)* f() in (3.1)).
Thus f satisfies the modularity condition with weight k£ for ~{s.
We now want to prove that if f(y17) = (c17 + dy)*f(7) for all 7 € b then the same

condition holds with 1 replaced by 7, 1 which is (7‘111 _Lfll) because v; has determinant 1.

Replacing 7 with ~; L7 in the modularity condition for the matrix i, we get

F(7) = (er(n ') +d)* f (o ')
for all 7. Dividing both sides by (c1(y7'7) + dy)F,

1
-1
T) =
f(')/l ) (Cl’)/l_lT+d1)k

for all 7. Since 61’71_17' +di = (a1dy — bicr)/(—aaTm+a1) = 1/(—aTm + a1),
fOrtn) = (—ar +a)* f(7)

for all 7, which is the modularity condition for ~; L g

f(7)

Theorem 3.2. If the set {71,...,vm} generates SLa(Z) and a function f: h — C satisfies
the modularity condition with weight k for each ~; then f satisfies the modularity condition
with weight k for all of SLo(Z).
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Proof. By Lemma the set of all v € SLy(Z) for which f satisfies the modularity condition

with weight k is a subgroup of SLg(Z) (clearly the modularity condition holds when v = I5).

Therefore if this subset contains a set of generators of SLy(Z) it is all of SLa(Z). O
Two particular elements in SLy(Z) are

0 -1 1
(1) (1)
The matrix S has order 4 (check S? = —1I), while the matrix T has infinite order (check
T = (§7%))- As linear fractional transformations of b,

[

1
(3.2) St=——, Tr=1+1,
T

so as a transformation of f the order of S is 2 rather than 4, while T" has infinite order on

h.
Theorem 3.3. The group SLa(Z) is generated by S and T'.

Proof. Let G = (S, T) be the subgroup of SLo(Z) generated by S and 7. We will give two
proofs that G = SLy(Z), one algebraic and the other geometric.

For the algebraic proof, we start by writing down the effect of S and T" on any matrix
by multiplication from the left:

a b —c —d nf a b a+nc b+ nd
oo s(pa)=(0 ) ()= )

Now pick any v = (2%) in SLy(Z). Suppose ¢ # 0. If |a| > |¢|, divide a by ¢: a =cq + 7
with 0 < r < |¢|]. By , T~ % has upper left entry a — g¢ = r, which is smaller in
absolute value than the lower left entry ¢ in 7~9y. Applying S switches these entries (with
a sign change), and we can apply the division algorithm in Z again if the lower left entry is
nonzero in order to find another power of T' to multiply by on the left so the lower left entry
has smaller absolute value than before. Eventually multiplication of v on the left by enough
copies of S and powers of T' gives a matrix in SLy(Z) with lower left entry 0. Such a matrix,
since it is integral with determinant 1, has the form (%! ™) for some m € Z and common
signs on the diagonal. This matrix is either 7" or —T'~™, so there is some g € GG such that
gy = +£T" for some n € Z. Since T" € G and S? = —I,, we have v = ¢~ !T" € G, so we
are done.

In this algebraic proof, G acted on the set SLa(Z) by left multiplication. For the geometric
proof, we make G act on h by linear fractional transformations. This action does not
distinguish between matrices that differ by a sign (v and —v act on b in the same way), but
this will not be a problem for the purpose of using this action to prove G = SLo(Z) since
-1y = S2 e G.

The key geometric idea is that when SLy(Z) acts on a point in b, the orbit appears to
accumulate towards the xz-axis. This is illustrated by the picture below, which shows points
in the SLy(Z)-orbit of 2¢ (including S(2i) = —1/(2i) = i/2). It appears that the imaginary
parts of points in the orbit never exceed 2.
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L] L] .2i [ ] L]
i/2

With the picture in mind, pick v € SLa(Z) and set 7 := (2i).
For any g = (2%) in G, so ad — bc = 1, (2.2)) tells us

_ Imr~
" er +df*
Write 7 as  + y¢. Then in the denominator

jer +df? = (cz +d)* + (ey)?,

Im(gr)

since y # 0 there are only finitely many integers ¢ and d with |c¢7 + d| less than a given
bound. Here 7 is not changing but ¢ and d are. Therefore Im(g7) has a mazimum possible
value as g runs over G (with 7 fixed), so there is some gg € G such that

Im(g7) < Im(goT)

for all g € G.
Since Sgp € G, the maximality property defining gg implies Im((Sgp)7) < Im(go7), so

1) with (2%) = S gives us

(S (gor)) = Tod7)

|go7[?
Therefore |goT|> > 1, so |go7| > 1. Since Im(T"go7) = Im(go7) and T"gy € G, replacing
go7 with T"go7 and running through the argument again shows |T"go7| > 1 for all n € Z.

Applying T (or T71) to gor adjusts its real part by 1 (or —1) without affecting the
imaginary part. For some n, T"go7 has real part between —1/2 and 1/2. Using this power
of T, we’ve shown that 7 = 7(2i) has an element of its G-orbit in the set

(3.4) F={r€bh:|Re(r)| <1/2,|7| > 1}.
See the picture below. Note Im7 > /3/2 > 1/2 for all T € F.

< Im(goT).

f’
R EEEE R EEE e
-1 0 1

We started by picking the number 2i in F and any 7 in SL(Z), and we showed there is
some g € G such that the point g(y(27)) = (¢v)(2i) is also in F. By (2.2,
2 V3

=4 ) €SL®) = (@) = 1z 2
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so ¢ = 0 (otherwise the imaginary part is at most 2/(4c?) < 1/2 < v/3/2). Then ad = 1, so

a=d==+1 and
a b ) 2ai + b .
<0 d>(2z) 7 =2i+b
For this to have real part between +1/2 forces b = 0, so gy = 1. Thus v = £¢~!. Since
—I, = 5% € G, we conclude v € G. O

The region F we drew above is called a fundamental domain for the action of SLa(Z) on
h. It is analogous to the role of [0, 1] as a fundamental domain for the translation action of
Z on R: each point in the space (h or R) has a point of its orbit (by SL2(Z) or Z) in the
fundamental domain (F or [0, 1]) and the only points in the fundamental domain that lie
in the same orbit are on the boundary.

Below is a dissection of h into translates v(F) as v runs over SLa(Z), with v = I3 corre-
sponding to F itself. Different translates overlap only along boundary curves, and as we get
closer to the x-axis b is filled by infinitely many more of these translates. The fundamental
domain and its translates are called “ideal triangles” since they are each bounded by three
sides and have two endpoints in f but one “endpoint” not in h: the third endpoint is either
a rational number on the z-axis or (for the regions 7" (F) with n € Z) is iocc.

—2 -1 0 1 2

The description of F in uses Euclidean geometry (the absolute value measures
Euclidean distances in h) and is somewhat awkward. If we treat h as the hyperbolic plane,
for which the action of SLy(Z) and more generally SLo(R) is by isometries for the hyperbolic
metric di (see Appendix , then there is a prettier description of F:

F=Ar€b:du(r,2i) <dg(r,7v(2)) for all v € SLa(Z)}.
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That is, F is the points of hh whose distance (as measured by the hyperbolic metric) to 2i
is minimal compared to the distance to all points in the SLy(Z)-orbit of 2i. The boundary
of F is the points equidistant (for the hyperbolic metric) between 2i and one of its nearest
SL2(Z) translates T'(2i) = 2i+1, T=(2i) = 2i—1, or S(2i) = 1/2E| Part of what makes this
geometric description of F, called a Dirichlet polygon, attractive is that it also works for
discrete groups actings by isometries on Euclidean spaces. For example, when Z acts on R
by integer translations, for any a € R the numbers whose distance to a+2Z = {a+n : n € Z}
is minimal at a is [a — 1/2,a + 1/2] and this is a fundamental domain for Z acting on R.

Example 3.4. We will carry out the algebraic proof of Theorem to express A = (%7 23)
in terms of S and T.
Since 17 = 7 -2 + 3, we want to subtract 7 -2 from 17:

9, (3 5
r A‘(? 12)'

Now we want to switch the roles of 3 and 7. Multiply by S:

o, [ =T —12
srra= (7 0.

Dividing —7 by 3, we have —7 = 3-(—3) +2, so we want to add 3-3 to —7. Multiply by 7°:

3 ) o 2 3
msrea=(22).

Once again, multiply by S to switch the entries of the first column (up to sign):

3ap—24_ ( =3 —D
sosria (7 7))

0)

ST2ST3ST2A — ( _12 _13 ) .

Since —3 = 2(—2) + 1, we compute

T2ST3ST2A = <

N —

Mutliply by S:

Since —2 = 1(—2) + 0, multiply by T2

T2ST?ST3ST %A = ( (1) *11 ) )

Multiply by S:
-1 -1

ST25T25T35T—2A:( 0 1

> =T = S°T.
Solving for A,

(3.5) < 177 fg ) = A=T28"17387 2828 (S2 ) = T2ST—3ST—2ST~2ST
since S~ = —8.

SWe can replace 2¢ by yi for any y > 1 and the same description of F works.



10 KEITH CONRAD

Remark 3.5. Multiplication by the matrices S and T is closely related to continued frac-
tions for rational numbers, with the caveat that the continued fraction algorithm should
use nearest integers from above rather than from below. To illustrate, the matrix (% 33) is
in SLy(Z), and to obtain an expression for it in terms of S and 7', we look at the ratio of
the numbers in the first column, 17/7:

17 4 1 1
—=3—-—z-=3—-—=—F—=3—-—.
7 7 7/4 2—-1/4
Using the entries 3, 2, and 4 as exponents for T,
3 2 4o ].7 —5
T°ST*ST*S = < 7 o |

whose first column is what we are after. To get the correct second column, we solve (17 29) =
(177 :g)M for M, which is (%) = T2, so

17 29 o 17 -5 2 73 2 4 2
(7 12>_<7 _2>T_TSTSTST.

This is a different expression for (17 #) ) than the one we found in (3.5)). The representation
of an element of SLy(Z) as a product of powers of S and T is not unique.

Here, finally, is the simplified description of the modularity condition in the definition of
a modular form for SLa(Z).

Corollary 3.6. For k € Z, a function f: h — C is a modular form of weight k for SLo(Z)
if and only if

(1) f is holomorphic on b,
@) 41 = £7) and f (=1 ) =7*4(r) for a7,

-
(3) the values f(1) are bounded as Im T — oo.
Proof. Use Theorems and together with (3.2)). O
Exercises.
. o . 39
1. Find a matrix in SLy(Z) with first column (}}).
2. Express the matrix (§ ), which is in SLy(Z), as a product of powers of the matrices

S and T.

3. If f: b — C is a function satisfying the modularity condition for weight 4, show
f(w) = 0 where w = —1/2 +iv/3/2 is a nontrivial cube root of unity in C, and if
instead f satisfies the modularity condition for weight 6 then prove f(i) = 0.

4. For k € Z, a matrix (%) in GL3 (R), and a function f: h — C, define the function
fl(28%): h — C by the formula

(2 0)) o= (552)

(a) Prove this formula defines a (right) group action of GLj (R) on functions:
flilz = f and (f|1A)|xB = f|x(AB) for all A and B in GLj (R).
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(b) If we want to view this action on functions as defined by the group of linear
fractional transformations, not by matrices, why should we change the defini-
tion of the action by multiplying the formula by (ad — bc)*/2? (See Exercise

23))

5. For each N > 1, the principal congruence subgroup of level N is

r(zv):{(‘c‘ 2>€SL2(Z):<Z Z)z(é (1)>modN},

where the matrix congruence is componentwise. This is the kernel of the reduction
homomorphism SLy(Z) — SLa(Z/NZ), so I'(N) is a normal subgroup of SLy(Z)
with finite index.

Prove I'(2) is generated by the matrices —I5, (39), and (}%). (Hint: Instead
of the usual division algorithm in the first proof of Theorem use a modified
division algorithm: a = bq + r where |r| < |b/2| and possibly r < 0.)

4. EISENSTEIN SERIES AND g-EXPANSIONS
The most basic example of a nonconstant modular form for SLy(Z) is an Eisenstein series.

Definition 4.1. For even k > 4, the weight k Eisenstein series is

1
Gr(r) == Z )
(m,n)€Z?
(m,n)#(0,0)

Our goal is to prove Gy is a modular form of weight &k for SLa(Z). The definition of
Gr(7) makes sense for odd k > 3, but in that case the series vanishes since the terms at
(m,n) and (—m, —n) cancel, so it is boring. (We already saw the only modular form of odd
weight for SLa(Z) is 0.)

First we prove absolute convergence.

Lemma 4.2. For each 7 € H there is a § = 0, € (0,1) such that
|mT + n| > d|mi + n|
for allm,n € Z.

Proof. If m = 0 then the desired inequality holds for all n provided we use § € (0,1).

If m # 0, then |m7 + n| > §|mi + n| is equivalent to |7 + n/m| > d|i + n/m/|, which in
turn is equivalent to
T+ n/m
i+n/m
Rather than working with rational n/m, let’s treat this as a task in real variables: set
fr: R=Rby fr(z) =|(t—x)/(i—=x)|, so fr(x) > 0 for all z. This is a continuous function
and f;(x) — 1 as * — +oo. Therefore there is a large positive number R (depending on
7) such that fr(z) > 1/2 for |z| > R. For x € [—R, R], positivity of f-(z) implies by
compactness of [—R, R| that there is some ¢ > 0 such that f.(z) > ¢; for all € [-R, R].
Therefore fr(x) > ¢ for all x € R when § = min(1/2,¢). O

>4

Theorem 4.3. The FEisenstein series Gi(7) is absolutely convergent: for each T € b, the
SETIES Y (1 n)£(0,0) 1/ IMT + n|* converges.
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Proof. Let 6 = §, be chosen as in Lemma [£.2] Then
1 1 1

< = .
imT + 0k = 6Fmi+nlk sk pz 2
The exponent k/2 is greater than 1, so absolute convergence of G (1) follows from absolute
convergence of Z(m,n);ﬁ(0,0) 1/vVm?+ n2k for k > 2, which is proved in Sectionas a special
case of convergence of a lattice sum in any number of dimensions.

Theorem 4.4. For even k > 4, the Eisenstein series Gy, is a modular form of weight k for

SLo(Z).

Proof. By Theorem G (1) makes sense for each 7 and the order of summation can be
rearranged by absolute convergence. To prove Gy is holomorphic, we want to derive this
from each term 1/(m7+4n)* in the series being holomorphic in 7. We will use a fundamental
result of complex analysis about limits of holomorphic functions being holomorphic: if a
sequence of holomorphic functions {f,} on a common domain 2 C C converges uniformly
onﬁcompact subsets of  then the pointwise limit f(z) = lim,_ oo fn(2) is holomorphic on
Q

To apply this result to G, we will use a strengthening of Lemma/|4.2; on each half-strip of
the form Sp, = {z+iy € h : |z| < a,y > b} where @ > 0 and b > 0, a value of ¢ can be chosen
in Lemmathat works for all 7in S, 5. The proof that such ¢ exists is left to the reader as
an exercise (Exercise [4.1)). Using this ¢ in the proof of Theorem shows G (7) converges
uniformly on each S, by the Weierstrass M-test: the series >, .y ) 1/|mT + n|* for

7 € Sap is bounded above termwise by >, )00 1/6%V/m?2 + n2k, which is independent
of 7. Every compact subset of  is contained in some S,, so G}, converges uniformly on
compact subsets of h and thus is holomorphic.

To prove G, satisfies the modularity condition with weight k, Corollary [3.6] tells us we
have to check just two cases: Gy(7 + 1) =< Gr(7) and Gi(—1/7) < 78G} (7). For the first
condition,

1 1
Grr+1)= > =y -
(S 0.0) (m(t+1) +n) (S 00) (m7+ (m+n))

As (m,n) runs over Z? — {(0,0)}, so does (m,m + n), so absolute convergence of the
Eisenstein series lets us rearrange the terms:

Gir+1)= % ! e —E A

k k
magoe) T T AR e (T
For the second condition,
1 1
—1/7) = . — S —
Gi(-1/m= 2, (—m/r+n)F 2 (nr — m)F
(m,n)#(0,0) (m,n)#(0,0)

This last series is G, (7) by rearranging terms, so Gi(—1/7) = 7°Gy (7).
The final property we have to check is behavior of Gi(7) as 7 — ico. We can assume
Im7 > 1, and since Gi(7 + 1) = Gg(7) we may also assume |Re(7)| < 1/2 as 7 — o0

6The analogue of this in real analysis is false: the Stone—Weierstrass theorem implies |z| is a uniform limit
of polynomials on (—1,1), and polynomials are real-analytic but |z| is not real-analytic on (—1,1) because
there’s a problem at 0.
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This is the half-strip S1,; described earlier in the proof, so there is some > 0 such that
|mT +n| > 6|mi+n| for all 7 € S;; and m,n € Z.
Rearrange the terms of Gk( E

(4.1) Gi(1) = Z +ZZ (m7 4 n)k Zi’f 222 (m7T 4 n)k

n;éO m#0n€eZ m>1n€eZ

where we write the sum over nonzero n and outer sum over nonzero m as twice a sum over
positive n and positive m using evenness of k. We will show the double series, where every
term has 7 in it, tends to 0 as 7 — 00, s0 Gi(T) = 23,5 1/nk as 7 — ico.

For any N > 1,

1 1
I D DI e D D

m>1neZ m+|n|<N m+|n|>N
< Y i tE X
- |m7 +nlk  §F |mi + n|*
m+|n|<N m+|n|>N

Since 3,51 nez 1/Im + nil¥ converges, for any € > 0 the tail 2t jn|>N 1/ Imi + n|¥ is less
than ¢ if N is sufficiently large and this doesn’t involve 7. For such a choice of IV, the finite
series >, 1<y 1/Im7T + n|¥ is less than ¢ if Im7 is sufficiently large. Thus the double
series in (4.1)) is less than 2¢ if Im 7 is sufficiently large. (|

We saw in Example [1.4] that every modular form satisfies f(7 4+ 1) = f(7). The function

e?™7 also satisfies this periodicity relation, and the standard way to write down modular

forms is through a power series in 2™,

Theorem 4.5. If f: H — C is holomorphic, f(T +1) = f(7) for all T, and f is bounded
as T — oo then there are a, € C for n > 0 such that

— E :ane%rzm'

n>0
for all T € y. In particular, f(7) has a limit as T — i00.

Proof. For 7 € b set q(1) = *™7. Writing 7 = z + iy, we have ¢(7) = e 2™e2™% 5o
lg(7)| = e?™ € (0,1). Thus ¢(7) lies in the punctured unit disc D’ = {g € C: 0 < |q| < 1},
and conversely each point in D’ can be written as e2™7 for a discrete set of values 7 € h.
The mapping h — D’ given by ¢(7) is surjective and locally invertible: if we write gy € D’
as €270 then any ¢ sufficiently close to gy can be written as e?™" for a unique 7 near 7.
This mapping is pictured below. Note 7 — ico in § corresponds to ¢ — 0 in D’.

Convert the function f: h — C into a function f: D’ — C by defining f(q) = f(r) for
any 7 € b that makes 2™ = ¢. This is well-defined because if €™ = ¢ then 7/ = 7 +n
for some n € Z, so f(7') = f(T+n) = f(7) due to the relation f(7+1) = f(r) for all 7 € b.
Since f is holomorphic, we can prove fis holomorphic by computing the derivative of ']?
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for each gy € D', write gy = €™, Then any q near qq is €>™7 for a unique 7 near 7, and
q — qo is equivalent to 7 — 7. Thus

F@) = flao) _ f(r)— flm) _ f(r)— f(r0) 7—0

q— qo q— qo T—1T0 627ri7' _ eQﬂiTg :
As 7 — 79, the right side tends to f'(m0)/(2mie®™™) = f'(19)/(27wiqo). (This formula

for f'(qo) is intuitive by the chain rule: df/dq = (df /d7)(d7/dq) = f'(7)(dT/d(e*™)) =
f'(7)/(2miq).) B

The boundedness of f(7) as 7 — ioco implies boundedness of f(q) as ¢ — 0. An im-
portant theorem in complex analysis, Riemann’s removable singularities theorem, says a
holomorphic function on a punctured neighborhood {z : 0 < |z — a| < r} of a point a that
is bounded on a small neighborhood of a (i) has a limit as z — a and (ii) the extended
flmction set equal to the limit at z = a is holomorphic at a. Therefore the boundedness of
f(q) as ¢ — 0 implies f is holomorphic at 0. Thus f has a power series expansion at 0, say
Y n>0@ng"-. Since f is holomorphic on the whole open unit disc D = {q € C : |¢| < 1},
another basic theorem from complex analysis guarantees that Ym0 @ng" converges on all
of D: a holomorphic function on an open disc has its series at the center converge on the
whole disc. Therefore

f(T) _ f(e27ri’r) _ Z ane27rm7'
n>0
for all 7 € b. O

Definition 4.6. The g-expansion of a modular form f(7) is the series ), -, anq™ for which

f(T) = 3,50 @ne®™ 7. The coefficients a,, in the g-expansion are called the Fourier coeffi-
cients of f.

A g-expansion is not merely a formal object: the equation f(7) = > aneX™7 is

analytic on both sides, with the right side convergent for every 7 € §h. When writing
a modular form f(7) as its g-expansion, it is a common abuse of notation to write the
function as f(gq), using the same letter f with the new variable ¢ = €27,

The constant term ag in the g-expansion is f(ioco). While the g-expansion of f encodes
the relation f(7 + 1) = f(7), the other relation f(—1/7) = 7%f(7) is not visible at all in
terms of q. If we are given a new power series converging on the open unit disc, there is
usually no simple way to show if it is the g-expansion of a modular form without further
information. The definition of a modular form is awkward to formulate directly in terms of
g-expansions.

For the rest of this section we will work out the g-expansion of the Eisenstein series Gg.
We already saw in the proof of Theorem that the constant term of the g-expansion is
23" -, 1/n¥. For every complex number s with Re(s) > 1, the Riemann zeta-function at
s is {(s) == >_,>; 1/n®. This series is absolutely and uniformly convergent on compact
subsets of {s: Re(s) > 1}, so {(s) is holomorphic on {s : Re(s) > 1}. The constant term of
Gi(7) is 2¢(k), and long before Riemann worked with ((s) Euler showed ((k) is a rational
multiple of 7% when k is a positive even integer, e.g., ((2) = 72/6 and ((4) = 7*/90.

Theorem 4.7. For even k > 4, the q-expansion of Gi(T) is

i)k
Gi(r) = 2(k) + 2(2), > on1(n)g”,
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— k—1
where o_1(n) =g, d".

Proof. Rewrite as
(4.2) Gr(r) =2((k) +2) (Z wmf(n)> ,

m>1 \n€eZ

where @, (z) = 1/(w + x)* for w € C — R and x € R. On the right side, the inner sum has
the form ) _, f(n), and there is a beautiful result in Fourier analysis that expresses the
sum of one function over Z as the sum of another function over Z: the Poisson summation
formula. It says that if f: R — C is a suitably nice function then

Yo f) =" fn),

neZ nez

where f: R — C is the Fourier transform of f:
fo = [ f@em i,

If we can justify applying Poisson summation to the inner sum, then

(4.3) Gr(r) = 2((k) +2 ) (Z %(M) ,

m>1 \n€Z

and a calculation of the Fourier transform of ,,; will produce the desired g-expansion of
the Eisenstein series.

Not all functions have Fourier transforms, but since |e =1 for all x and y, if f is
absolutely integrable on R, meaning ffooo |f(x)| dx < oo, then the Fourier transform of f is
defined. Writing m7 = a + bi, we have

1 1
((a+z)+bilk  ((a+z)2+ b2)k/2’

SO pmy is absolutely integrable for k > 2. Thus ¢, (y) makes sense for all y € R.

The Poisson summation formula is valid for any function f: R — C for which f and its
Fourier transform J? are both continuous and absolutely integrable on R. Clearly ¢, is
continuous, and we showed it is absolutely integrable. It remains to compute the Fourier
transform of ¢, to check it is continuous and absolutely integrable.

By definition,

27rimy‘

| (2)] =

6727rimy R €f2m’my

4.4 Drrvr = ——dzx = 1li —dx.
(4.4) P (y) /R(mT—i—x)k TR _p (mT + x)k o

We will calculate this integral using the residue theorem from complex analysis. Complexify
the integrand to h(z) = e~2™*¥ /(mr + 2)¥ for z € C. This has a kth order pole at —mr,
which is a point in the lower half-plane since m > 1 and 7 € b.

The numerator e~2™#¥ in h(z) has absolute value ™Y 5o if y < 0 we want to
integrate h(z) along [—R, R]| and then counterclockwise along the semicircle in the upper
half plane with R and —R as endpoints (figure below on the left), since in the upper half-
plane [e27™()¥| < 1. If y > 0, we want to integrate h(z) along [~ R, R] and then clockwise
along the semicircle in the lower half-plane connecting R to —R since [e>7™(3)¥| < 1 on
this semicircle.
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Cr

Contour for y > 0
Y &
Contour for y <0

Cr

By the residue theorem the first contour integral is 0 for all R > 0, and it is left to the
reader to check the integral of h(z) along the semicircle tends to 0 as R — 00, 80 @y (y) = 0.
Check the integral along the semicircle in the second picture also tends to 0 as R — oo. For
R large enough the pole of h(z) is inside the contour, so the residue theorem tells implies
—27izy e—?m’zy

e o
— = —27ie®™TY Res,_q -
(m7 + 2) z

Omr(y) = —2mi Res,——pr

There is a minus sign out front because we integrate clockwise instead of counterclockwise
in order to be integrating in the natural direction along the real axis so that we match (4.4]).
For any a € C, Res,—o(e%*/z¥) = a*~1/(k—1)!. Our calculation of (4.4) can be summarized
as

@5) pr) = 1 [ e
: Pmr\Y ((k27r12))k yk 1 27rzm7y if y > 0.

Since k is even in our application, we can ignore the minus sign in (—27i)*.

As a function of y is continuousﬂ and, up to a constant, the integral of | @, (y)| over
R is bounded above by fooo yk—le=2mmIn(m)y gy wwhich is finite.

It is therefore legal to apply Poisson summation to the inner sum in :

(46) Z (mT " n Z (me — 27” Z k—1 27rzm7'n

neZ "n>1

Therefore (4.3]) becomes

— (27”)k k—1 2miT(mn)
Gr(7) 20 (k) 4 2 Z NP Zn e

— 24—( 27” ‘Zznk 1 mn

"m>1n>1

Writing mn as NV,

Gi(r) = 2 (k) 27”,2 S| gV = 2 (k) 27” > gy

N>1 \n|N " N>1

0

"There is a general theorem in Fourier analysis that a function that is absolutely integrable has a Fourier
transform that is continuous, so the continuity of @,,, was predictable.
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Remark 4.8. In most treatments of modular forms, the g-expansion of G(7) is derived
not using Poisson summation, but using a more elementary method involving the partial
fraction decomposition of 7 cot(7z). We use the technique of Poisson summation since it’s
good to get familiar with it. We’ll use Poisson summation later to construct a special
modular form of weight 12.

Euler’s formula for ((k) when k£ > 2 is even is

_emFnP By (2mi)* B
(4.7) (k) = X Eﬁ—_@_nﬁf’

where By, is the kth Bernoulli number: it is a rational number appearing in the power series

v N Be g 11, 1

et —1 2~k 2" T 1o 720"
k>0

The table below lists the first few Bernoulli numbers. The early data suggest By = 0 for
odd k£ > 1, which is true. The early data also suggest |Bj| is small, but |Bi| — oo as
k — oo.

k]o 1 23 4 5 6 7 8 910 11 12 13 14
1 1 1 1 1 5 691 7
1 -5 50 5% 0 50 —55 0 g 0 —g3% 0
By Theorem and (4.7),
4k§
Gr(r) = 2¢(k }:a_

n>1
For arithmetic applications it is convenient to scale G(7) so that its constant term is 1.

Definition 4.9. For even k > 4, define the normalized Eisenstein series of weight k to be

Gi(r) _ | _ 2k
2¢(k) By,

mn

op—1(n)q".
n>1

(4.8) Ek(T) = Ek;(Q) =

Using the table of values of Bernoulli numbers, some special cases of (4.8]) are

= 14 240q + 2160¢> + 6720¢> + . ..

Ey(7)

Eg(t) = 1—504q — 16632¢> — 122976¢° — . ..

Es(t) = 1+ 480q + 61920¢% + 10502404 + . ..

Eio(r) = 1—264q — 135432¢> — 51965764 — . ..

Ey(r) = 1405520 134250480 , 11606736960 ;
691 691 691

Eu(r) = 1-24q—196632¢° — 38263776¢° — . ..

Since 2k/By, € Z for k = 4,6,8,10, and 14, all Fourier coefficients of Ej(7) are integers
for these k.

The product of modular forms of weight k£ and £ is easily seen to be a modular form of
weight k+/¢, and we can find the g-expansion of the product by multiplying the g-expansions
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of the two modular forms. For example,

Ey(1)? = 14 480q + 61920¢% + 1050240¢> + ... has weight 8,
Ey(T)Es(T) = 1—264q — 135432¢> — 5196576¢> + ... has weight 10,

Ey(1)? = 14 720q+ 1792804 4+ 16954560¢> + ... has weight 12,

Es(1)? = 1—1008¢ + 220752¢> + 16519104¢> + ... has weight 12.

From the initial parts of g-expansions, it looks like Eg = E? and F1g = F4Fg. In weight
12, the modular forms FE1s, Ef;’, and Eg are all different and are not scalar multiples of each
other since their constant terms all equal 1.

The explanation for identities like Fs = E2 and Eyg = E4Eg will come from the fact that
the modular forms of a fixed weight are a complex vector space that is finite-dimensional,
whose proof is the main goal of Section

While the original definition of Gy (7) for even k > 4 makes no sense when k = 2, the
g-expansion of Gi(7) in Theorem [4.7] does make sense!

Definition 4.10. For 7 € b, define

mi)? 2
Gu(r) = 202) + 7 S oie” = Ty —5 S

Ga(T) _

and FEo(1) = 22)

1-— 242 o1(n)q".

n>1

The series Ga(T) converges for all ¢ in the open unit disc on account of the weak bound
o1(n) =2 g, d < S r_1 k ~n?/2. It is holomorphic in ¢ (as all convergent power series are

in a disc of convergence) and thus also in 7 by composition. Trivially Gao(7 + 1) = Ga(7)
and Go(7) — 72/3 as 7 — ioco. Could Go(—1/7) = 72G5(7)? No.

Theorem 4.11. For all 7 € b, Go(—1/7) = 72Ga(7) — 2mit. Equivalently, Eo(—1/7) =
2Go (1) — (6i/7)T.

Proof. This is a project. U
We will see in Section [5| that the only modular form of weight 2 for SLy(Z) is 0.

Exercises.

1. In the proof of Lemma for each half-strip S, = {z + iy : |z| < a,y > b} in b,
where a > 0 and b > 0, show there is a § > 0 such that |m7 + n| > §|mi + n| for all
T € Sqp and all m,n € Z. That is, ¢ in Lemma can be chosen uniformly in S, .
2. For even k > 4, show

1
G = ((k —_—
k(T) = C( )( z):l (mr + )
50 (1) = (1/2) ¥ umyr (m7 + )7,
3. Let M be a positive integer and k > 4 an even integer. Show

\k
Z # _ 2((](5) +2 (27”))' Zo_k_l(n)e%riMm-.

k —
(m,n)EMZXZ (TTLT + TL) (k 1 n>1
(m,n)#(0,0)
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5. DIMENSIONS OF SPACES OF MODULAR FORMS

Let M), denote the set of all weight & modular forms for SLy(Z). It is a vector space
over C. In this section, we show each M, is finite-dimensional and write down an explicit
dimension formula.

The proof will fall into four parts:

(1) Prove My = {0} for k <0,

(2) Construct a modular form A(7) of weight 12 that is nonvanishing on hﬁ
(3) Use (1) and (2) to compute dim M, for 0 < k < 10.

(4) Use (2) and (3) to compute dim My, for k > 12.

Theorem 5.1. If k < 0 then My = {0}.

Proof. Pick f € Mj, and write its g-expansion as ), -, anq". We will prove each Fourier
coefficient is 0, so f = 0. ;
The modulariity condition for f and the imaginary part formula (2.2)) raised to the k/2-

power say
ar +b % ar + b\ \*/2 (Im 7)k/2

= d I S Sl dV

f<c7‘+d> (em +d)" (), <m<cr+d>> ler +d|*’

for all (¢%) € SLy(Z). Therefore if we take the absolute value of f and multiply,

b b\ \ "2 Tm 7)k/2
()| (m () =ler v at o = ol

This says the continuous real-valued function |f(7)|(Im7)*/2 on b is SLy(Z)-invariant. (So
far we have not used k£ < 0.)

Any SLg(Z)-invariant function on h has all of its values achieved on the fundamental
domain F from Section Break up F into two parts: that with Im7 < B and that with
Im7 > B for B to be determined. See the picture below.

Im7>B
B
Im7<B
L
S peeoee e peee
-1 0 1

As 7 — oo in F, |f(7)| is bounded and (Im7)*? — 0 because k < 0. Therefore
|£(7)|(Im 7)*/2 — 0 as T — ioco, so there is some B > 0 such that |f(7)|(Im7)¥/? < 1 for
Im7 > B. On {7 € F:Im7 < B} the function |f(7)|(Im7)¥/? is bounded above since

8The minimal positive weight for a modular form that doesn’t vanish on § is 12 because if f € M} and
k £ 0 mod 3 then f(w) =0, and if k¥ #Z 0 mod 4 then f(:) = 0. See Exercise for special cases.
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a continuous real-valued function on a compact set is bounded. Putting these two parts
together, there is some C' > 0 such that

(5.1) [fl@+iy)ly** < C

for all z + iy € F and thus also for all x + iy € h by SLa(Z)-invariance. '
Pick y > 0. In the g-expansion f(z +1iy) = >, 50 anq" = > _,50 ape” 2Ty g2rine
both sides by e~?™™% and integrate from 0 to 1:

1 1
/ f(CC 4 iy)e—szmx dor = § :ane—any/ 627r2nr€—27rzmx dr.
0 0

n>0

, multiply

(Why is termwise integration of the series justified?) Since fol e2minTe=2mimz g is () for
n % m and is 1 for n = m,

1
/ f(IL‘ + iy)e—27rzm;r de = ame—27rmy7
0

SO

Ce27rmy

1 1
; 5.1
am = 627"”3"/ flz +iy)e ™M dy |am| < e%my/ Cy "2 dx = "7
0 0 Yy

This holds for all y > 0. Letting y — 0T, the factor e2™¥ tends to 1 and the factor y*/2
tends to oo since k < 0. Therefore |a,,| = 0, so a,, = 0 for all m. Thus f = 0. O

Theorem 5.2. There is a modular form A(T) € My that is nonvanishing on b and it has
a simple zero at ico: its q-expansion starts out as q + bag® + - - - .

Using Eisenstein series it is easy to construct a modular form of weight 12 whose ¢-
expansion starts out with ¢: since Eff =1+720q + --- and Eg = 1—1008q + ---, the
difference (E§ — E2)/1728 has first term ¢ in its g-expansion. What is not easy to see is
that this modular form vanishes nowhere on . The way we will prove Theorem is by
building a modular form of weight 12 in a different way. The argument is rather technical
(it will use a version of Poisson summation), so for now we will accept Theorem as
proved and see how to use it to compute the dimensions (and bases) of every M}, for k > 0.
At the end of this section we will return to prove Theorem [5.2]

Theorem 5.3. For k =0,2,4,6,8,10, dim My, is given in the following table.
k|0 2 46 8 10
dimM; |1 0 1 1 1 1

Proof. First we treat the cases k = 4,6,8,10. Let f € M} and ag = f(ico). The difference
f(1) —apEy(7) lies in M}, and its g-expansion has constant term ag — ag = 0.

The ratio (f — apE))/A lies in My_19: it is holomorphic on b since A(7) # 0 for all
T € b, it easily satisfies the modularity condition for weight k — 12. and as ¢ — 0 the ratio
has a finite limit since f — agFE) has a zero at ¢ = 0 and A has a simple zero at ¢ = 0.
By Theorem My._19 = {0} since k — 12 < 0, so f — apFEr = 0. Thus f = agE}, so
M;. = CEj}, is one-dimensional.

If k = 0, the constant function 1 lies in My and reasoning as above with 1 in place of Fj
shows f =ag -1 = ag, so My =C.

Finally, we will prove My = 0. Let f € Ma, so f(—1/7) = 72f(7) for all T € h. Setting
T =1 we get f(i) = —f(i), so f(i) = 0. The square f? lies in My, and we already proved
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My = CEq4(1), so f(7)? = cE4(7) for some ¢ € C and all 7. Setting 7 = i on both sides
and using the g-expansion of Ey,

0=cEy(i)=c|1+240 Z o3(n)e=m™m
n>1

The sum on the right is positive, so ¢ = 0 and thus f = 0. U
Theorem 5.4. Every space My, is finite-dimensional. For even k > 0,

[k/12] +1, if k # 2 mod 12,
[k/12], if k = 2 mod 12.

Proof. We have verified the theorem for k£ =0, 2,4, 6,8, and 10.

For even k > 12 and f € M}, with constant term ag, (f — apFE)/A lies in My_12 by the
reasoning used in the proof of Theorem Therefore f = agEy + Ag where g € My_12,
so the C-linear map C @& My_19 — My, given by (¢, g) — cEj + Ag is surjective. To show
it is injective we show the kernel is 0: if cEy + Ag = 0 in M, then looking at the constant
term of the g-expansion on the left implies ¢ = 0, so Ag = 0, and thus g = 0.

Since C & Mj_12 = M), as C-vector spaces for k > 12, M}, is finite-dimensional with di-
mension 1+ dim Mj,_15. The dimension formula in the theorem satisfies the same recursion,
so we are done by induction on k. O

dim M, = {

Here is an initial list of the dimensions of M} for even k > 0. Note in particular that
dim M, = 1 exactly for k = 0,4,6,8,10, and 14.

k|02 468 10 12 14 16 18 20 22 24 26
dmM,[1 01 11 1 2 1 2 2 2 2 3 2

Example 5.5. The equations Fg = Ef and F19g = E4FEg follow from Mg and My being
one-dimensional; just check the constant terms on both sides agree.

Example 5.6. The space Mjy has dimension 2, so E; and E3 must be a basis since they
are nonzero and are not scalar multiples (look at the g-expansions).

Since E19 € Mo, there are complex numbers a and b such that Eo = aE;I’ + bEg. We
can find a and b by looking at the constant and linear Fourier coefficients on both sides as
the first and second components of a vector equation:

! =a L +0b L = 1 1 a
655020/691/)  \720 —1008/) \ 720 —1008 b)

Using linear algebra, a = 441/691 and b = 250/691. For example, if we look at the
coefficients of ¢* in E12, E3, and E} then
134250480
691
Since modular forms lie in finite-dimensional spaces but their g-expansions have infinitely
many Fourier coefficients, there is some redundancy in the coefficients: knowing a suitable
finite list of Fourier coefficients is enough to determine the modular form. The following
theorem is one version of this idea.

= 179280a + 220752b.

Theorem 5.7. For each even k > 0 there is an R > 0 such that the first R Fourier
coefficients of any weight k modular form for SLa(Z) determine the form.
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Proof. Let L;: M, — C’ by sending each modular form to the vector of its first j Fourier
coefficients:
Lj(f) = (ao, N ,aj,l).

The kernels ker(L;) are a decreasing sequence of subspaces of Mj: ker(Lj;1) C ker(L;).
Since My, is finite- dlmensmnal the kernel subspaces must eventually stabilize, say ker(Lg) =
ker(L;) for all j > R.

T his implies ker(Lg) = 0, by contradiction. If this kernel were nonzero, there is a nonzero
f € My, whose first R coefficients vanish. Some later coefficient is nonzero, say the R’-th
coefficient, so ker(Lp) is a proper subspace of ker(Lg), which contradicts the stabilization.
Thus ker(Lgr) = 0, so Lg is injective and that means each f € M, is determined by its first
R Fourier coefficients. O

Clearly R has to be at least as large as the dimension of Mj. It turns out that this
minimal choice always works, but that is not obvious and we omit the proof.
Now we return to the proof of Theorem

Proof. To construct a weight 12 modular form that is nonvanishing on § with a simple zero
at 100, we will use a “twisted” version of Poisson summation. The usual Poisson summation

formula says
Y fm)=>" fn)

nez nez

for suitably nice functions f: R — C (e.g., f and ]‘A‘ are both continuous and absolutely
integrable). A twisted version is this:

(52) S ()2 pn) = £ ST (< 1) ),
nnsdzd nngdzd

This formula can be proved using the ordlnary P01sson summation formula on a suitable
auxiliary function (Exercise |5 ‘ We will use for the function f(x) = xe*”‘”’z, where
a > 0. Its Fourier transform is f( ) = (— zy/a3/2) —my*/a (Exercise [5.5b). Both f( ) and
f (y) are continuous and absolutely integrable, which suffices to justify using . Thus

n—1)/2,  _—mwan? __ —’L(TL/4) —mn?/16a
R PO Sl LR

neZ neZ
n odd n odd
— E emeQ/lGa
o 3/2 ’
8a nez
n odd

Replacing a with a/4 throughout,

Z (_1)(n71)/2n677rom 3/2 Z ne*ﬂn2/4a.
a

neZz nez
n odd n odd

In each sum, the terms at n and —n are equal so combine the terms and divide by 2:

n— —Tran —Trn2 a
(5.3) Z (=1) =1/ 2pe a3/2 Z ne” ™ /4a,

n>1 n>1
n odd n odd
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For 7 € H, define

0(7_) _ Z (_1)(n71)/2ne7rin27/4 _ eﬂ'iT/4 _ 367m'97'/4 + 567”'257'/4 L

n>1
n odd

Writing 7 = x + iy,
9($ + zy) = Z (_1)(n—l)/Qne—WHQy/4e7rin2x/4’

n>1
n odd

which converges very rapidly; it is holomorphic on h (as the series converges uniformly on
compact subsets of ) and (ico) = 0. Along the imaginary axis

O(zy) _ Z (_1)(n—1)/2ne—7rn2y/4
n>1
n odd
1
= =5 Z (=)= D/ 2™ /1y by (5.3
Yy n>1
n odd
= 00i/y)
y3/2

1 1
= —9(——).
y3/? ( 2y>

Therefore 8(—1/iy) = y>/?4(iy). Raise both sides to the 8th power:

—1\?%
0(5r) = 0li)® = i) 0tin)".
It follows from this that §(—1/7)® = 7120(7)® on b since both sides are holomorphic and we
proved they are equal on the imaginary axis in b, so they must be equal everywhere.

It is left to the reader to check (7 +1) = ((144)/v/2)0(7) (Exercisel[5.6)). Since (14i)/v/2
is an 8th root of unity, (7 + 1)% = 0(7)8.

Define

A(r) = 0(7)8.

Then A is holomorphic on b, A(7+ 1) = A(7), and A(—1/7) = 712A(7). Since f(ico) = 0,
also A(ico) =0, so A € M.

To prove A is nonvanishing on h, we will prove 6 is novanishing on h. Suppose () =0
for some 79. Then 0(~y7y) = 0 for all ¥ € SLa(Z), so we may assume 7y € F (the fundamental
domain for SLy(Z)). In the equation

0= 9(7_0> _ Z (_1>(n—l)/2ne7rin2~ro/4

n>1
n odd

bring the term at n = 1 over to the left side and take absolute values:

(5.4) ’em'fo/él‘ < Z n‘em'n%-o/ﬂ

n>3
n odd
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Set 19 = xg + iyo, SO Yo > \/§/2 because 19 € F. Then 1) becomes
e~ Y0/4 < Z ne—wn2y0/47

n>3
n odd
SO
1< E ne- ”713’0/4 g ne~"(M*=1)V3/8
n>3 n>3
n odd n odd

The sum on the right is rapidly convergent and without caring about error estimates the
sum of the first few terms is approximately .013, which is much less than 1, so it appears
we have a contradiction.

To make that last step rigorous, we will prove > 14 >3 ne~T*=DV3/8 1 Writing odd
n>3as2m+1form > 1 and doing some algebra,

Z ne~T(M*=1)V3/8 _ Z(2m+ 1)677r(m2+m)\/§/2‘

odd n>3 m>1

Since m? +m > 2m,

Z (2m + 1)6_"(7"2'””)\@/2 < Z (2m + 1)6_””“/3.

m>1 m>1

This upper bound is a power series in e~™3 ~ .0043. For 0 < x < 1, set

flx) = Z(2m+1 —2me +Zx 1—x2+1fx‘

m>1 m>1 m>1

This rational function is strictly increasing on (0, 1) (its derivative is (3+x)/(1 —z)?). The
unique number in (0, 1) where f has value 1 is (5 — v/17)/4 ~ .218, which is greater than

™3~ 0043, so f(e~ ) < 1, and therefore the sum we care about is also less than 1.
More precisely, f(e 7r‘[) ~ .01309, so the sum we care about is less than .01309. ]

Our method of proving finite-dimensionality of the spaces M} depended in a crucial way
on the existence of a modular form that is nonvanishing on h with a simple 0 at ico. The
modular forms of positive weight for groups other than SLy(Z) do not typically include a
form that is nowhere zero on b, so proving finite-dimensionality of spaces of modular forms
in general requires more conceptual arguments, such as using the Riemann-Roch theorem.

Exercises.

1. From Fg = E3 deduce for n > 1 that o7(n) = o3(n) + 120 X" o3(m)os(n — m).

2. Let f € My and g € M,. Show (f'(1)g(T) — kf(7)¢' (T) € Mytos2, where the
differentiation is with respect to 7.

3. Show the ratio Eg/E, satisfies the modularity condition for weight 2. Why doesn’t
this contradict My = {0}?

4. If f € My, is nonvanishing on b then prove 12 | k and f equals AF/12 yp to multipli-
cation by a nonzero constant.

5. (a) Let f: R — C be an absolutely integrable function. For a > 0 and b € R, set

fap(x) = f(axz +b). Prove the Fourier transform of f,; is
e2mib/a __

Fanly) = - f(%)
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(b) Prove ze~™" has Fourier transform —iye™" and then use part (a) to find the
Fourier transform of ze=™” for a > 0.

(c) Prove . (Hint: Write " (qq ,(—=1) "2 f(n) as
S fAm+1) = f(4m—1)

meZ meZ

and apply the usual Poisson summation formula to the functions f(4z+1) and

f(4x — 1), whose Fourier transforms are described by part (a).)
n— win?T 7
6. For 0(7) = > 44 nZl(_l)( D/2ne /4 show (T + 1) = 1%0(7’).
7. Use the fact that f(z) = e~™ has Fourier transform f(y) = (1/\/5)67”15/“ to prove

2

that the function 6(7) :== Y}, €™ 7 =1+ > o>t 2e™°T satisfies (—1/7) =

—720(1)%.
6. THE EISENSTEIN BASIS

We computed dim M}, without writing down a basis (when & > 12). In this section we
describe an explicit basis built out of Kisenstein series, and more precisely built from Fy
and Ejg.

How did Eisenstein series play a role leading up to Theorem We used E4(i) > 0 in
the proof that Ms = {0}, and when we showed (f — agE}))/A is a modular form the only
property we needed of Fj is that it lies in M} and has constant term 1. For every even
k > 4 we can write k = 4a + 6b for some nonnegative integers a and b, so EZEg is in My,
with constant term 1. Therefore we can prove Theorem using only the Eisenstein series
FE, and Eg: no Ej for k > 6 is needed for the proof.

Theorem 6.1. For k > 0, the set {E$ES : a,b > 0,4a + 6b = k} is a basis of Mj.

Proof. We may suppose k is even.

Let Nj be the number of solutions to 4a + 6b = k in nonnegative integers a and b. By a
direct check, N = dim M, for k < 12. Since N = 1 + Nj_15 for k > 12, N} = dim M, for
all k. So the proposed basis {E$ES : a,b > 0,4a + 6b = k} has the right size.

To show this set is linearly independent, we may suppose k > 14. Let

Z CajbE4(T)aE6(7‘)b =0

4a+6b=k
a,b>0

for all 7. If there is a pure Ej term, say CA70E4(T)A, then setting 7 = i shows cA,0E4(i)A =0
since Eg(i) = 0 (Exercise [3.3). Since Ey(i) > 0, ca0 = 0. Therefore all nonzero terms in
the sum have b > 1. As Fg is not identically 0, we may divide by it and get

Z capBa(T)"Ee(1)"71 =0,
a linear relation in weight £ — 6. By induction the remaining coefficients are 0. U
Definition 6.2. The basis { E{E : 4a + 6b = k} of M, will be called the Eisenstein basis.

The following application of the Eisenstein basis depends on F4 and Fg having all rational
Fourier coefficients.

Theorem 6.3. Ifk > 0 and f € My, has g-expansion Y, -, anq"™ with a, € Q for alln > 1,
then ag € Q. a
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Proof. Before we do anything with modular forms, we will prove a result from abstract
algebra that describes rational numbers using field automorphisms of the complex numbers.

There are two known field automorphisms of C: the identity and complex conjugation.
Many additional field automorphisms of C exist, since Zorn’s lemma (the axiom of choice)
can be used to prove for any subfield FF C C that any field automorphism of F' can be
extended (somehow, usually in many ways) to a field automorphism of C. For a proof, see
Corollary 4 of http://www.math.uconn.edu/~kconrad/blurbs/zorn2.pdfl

As an example, if F = Q(/2) then the automorphism a + b2 s a — byv/2 on F extends
(in infinitely many ways in fact) to an automorphism of C. Such an extension is neither the
identity nor complex conjugation, since the extension does not fix v/2 but the identity and
complex conjugation both fix v/2. No automorphism of C besides the identity or complex
conjugation is continuous, and the extra field automorphisms can’t be written down using
explicit formulas, so their existence really needs Zorn’s lemma.

Field automorphisms of C can tell us whether or not a complex number is rational.

Claim: If a € C is not rational then there is a field automorphism ¢: C — C that does
not fix a.

Proof of claim: We take cases depending on if a is algebraic or transcendental over Q.
If a is algebraic over Q and a ¢ Q, let F' be the splitting field of Q(a) over Q. By Galois
theory, there is a field automorphism of F' that does not fix a. Any extension o of this
automorphism to C will not fix a. If a is instead transcendental over Q, let F' = Q(a). Then
F is isomorphic to the rational function field Q(X) for an indeterminate X, so a — 1/a (or
a — —a) defines a field automorphism of F' not fixing a. This automorphism of F' extends
to an automorphism of C and does not fix a. This concludes the proof of the claim.

Now we turn to the part of the proof that involves modular forms.

Each modular form for SLy(Z) is determined by its g-expansion, so we can embed the
vector space M}, into the ring of formal power series Cl[g]] by thinking about each modular
form as its g-expansion

Z anq", an€C,

n>0
viewed purely formally in Cl[g]]. For example, the two Eisenstein series F4y and FEg are
viewed as series in C[[¢]] that both have all coefficients in Q.

For any field automorphism o of C we can define a ring automorphism r, of Cl[¢]]
by mapping every formal power series Y a,q" to the formal power series Y o(a,)q". If
=21 anq" isin My, is ro(f) = >_ o(an)q"™ the g-expansion of a modular form?

Yes! To prove this, we can assume k is even and at least 4, since otherwise Mj, is {0} or
C. Write f as a C-linear combination of the Eisenstein basis for My:

b
f= ) caBE{E]
4a+6b=k

for some complex numbers ¢,p. Viewing both sides in C[[¢]] and applying r, to this equation,

rg(f):r0< > cabE;ng>= > olcan)ro(Ea)re(Ee)’.

4a+6b=k 4a+6b=Fk
Since the g-expansion coefficients of E4 and FEg are rational, r,(E4) = E4 and r,(Es) = Eg.

Thus
re(f)= Y olca)E{E.
4a+6b=Fk


http://www.math.uconn.edu/~kconrad/blurbs/zorn2.pdf
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This is a C-linear combination of the g-expansions of modular forms of weight k, so r(f)
is the g-expansion of a modular form of weight k (the same weight as f).

Now suppose all the g-expansions coefficients of f are in Q except perhaps for its constant
term ag. Then the g-expansion coefficients of f and r,(f) agree everywhere except possibly
in their constant terms, which are ag and o(ap). Since f and r,(f) are both in M}, their
difference f—r,(f) is a constant function in M. The only constant function of weight & > 0
is 0. Therefore r,(f)— f = 0, so 7+(f) = f, which implies o(ag) = ap for all automorphisms
o of C. Thus, by the claim at the start of this proof, ag € Q. O

If >~ ang™ is the g-expansion of a modular form and a,, € Z for n > 1, it is generally false
that ag € Z. An example is

1 1
= — 2
S10 5 240 n§>1 = g5 T a9 + 280 +.

We can now use modular forms to prove a property of the Riemann zeta-function.
Theorem 6.4. For even k > 8, ((k) is a rational multiple of ".
Proof. Apply Theorem [6.3] to the Eisenstein series

Gi(7)
2(2mi)k /(k — 1)! (2m)k/ — 1) +§1"’“ ! ’
whose g-expansion does not depend on prior knowledge of zeta-values at even integers k > 8.
Since all the higher-degree Fourier coefficients o;_1(n) are rational, the constant term is
also rational, so ((k)/m* is rational. O

The proof of Theorem depends on Theorem whose proof in turns depends on
rationality of all the Fourier coefficients of the Eisenstein basis. The rationality of the Fourier
coefficients of B4 and Eg requires knowing ¢(4)/7* and ¢(6)/7® are rational. Therefore our
proof using modular forms that ¢(k)/7* € Q for even integers k > 8 needs this result to
be known already for £k = 4 and k = 6 (the case k = 2 does not matter). You can check
we never relied on the Eisenstein series with weight > 6 for anything but examples, so
deducing the rationality of ((k)/m"* for even k > 8 from the cases k = 4 and 6 is not a
circular argument.

This method of deducing rationality properties of zeta-values from their appearance in
the constant term of a modular form can be generalized to zeta-values of all totally real
number fields at positive even integers, by constructing modular forms in which the zeta-
values appear in the constant term. This is the Klingen—Siegel theorem.

Are there any linear relations between forms of different weights?

Lemma 6.5. Modular forms with different weights are linearly independent over C.

Proof. Let f1, fa,. .., fm be nonzero modular forms with respective weights k1 < ko < -+ <
km- Assume they admit a nontrivial linear relation:
(6.1) arfi(r) + azfa(r) + -+ + amfn(7) = 0

for all 7 € b, where not all o; equal 0. We may assume this is an example with m > 2
minimal, so all «; are nonzero.
Pick « in SLg(Z) with lower left entry ¢ # 0 (i.e., v # £T™ for any n € Z). Replacing 7

with y7 in ,
(6.2) aq(er + d)klfl(T) + as(er + d)kaQ(T) +..cap(er + d)kmfm(’i') =0
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for all 7. | |
Let f;(7) have g-expansion 3,5 ail €™, so
S (ler + d)F1ad + -+ ap(er + d)fmalm)eminT — o,

n>0

Look at this along the imaginary axis: for 7 = iy with y > 0,
(6.3) Z(al(ciy +d)*1aM) + -+ ap(ciy + d)Fmal™)e2 = 0.

n>0

For n > 0, y"e~ 2™ — 0 as y — oo for any r > 0, so if we divide through (6.3 by e=27V¥

for the smallest N such that some aE\J,) is nonzero and then let y — 0, we are left with
Jim o (c(iy) + d)F1al) + -+ am(ciy) + d)fmal =0

All o are nonzero, some a%) is nonzero, and the weights k; are distinct, so the left side is

the limit of a nonconstant polynomial in y. We have a contradiction. ]

Note the proof hardly used the modularity condition for SLa(Z); only one vy # +£T™ was
required.

Since MMy, C Mj¢, the C-linear combinations of modular forms of all weights for
SLy(Z) is not only a vector space, but a ring containing My = C. (The sum of modular
forms of different weights is is not a modular form.) By Theorem the forms E$E? for
general a,b > 0 span the C-algebra generated by all modular forms, so the ring generated
over C by modular forms for SLy(Z) is C[E}4, Eg).

Theorem 6.6. The modular forms E4 and Eg are algebraically independent over C.

Proof. If P(E4(7), Eg(7)) = 0 for all 7, where P(X,Y’) is a polynomial in two variables over
C, then Lemma reduces us to the case that P(Ey, Fg) is a sum of modular forms of the
same weight. Then P = 0 by Theorem O

Corollary 6.7. The ring generated over C by all modular forms for SLa(Z) is isomorphic
to the polynomial ring C[X,Y].

Proof. The ring is C[FEy, Eg], so the algebraic independence of Ey and Eg over C implies
C[Ey, Eg] = C[X,Y]. O

Exercises.

1. (a) Express Eig as a linear combinations of E§ and E3Eg.
(b) Expres48 each of E2?,, EgFEgF1g, and Ey4 as linear combinations of EY, Efng,
and Eg.

APPENDIX A. THE HYPERBOLIC PLANE

The hyperbolic plane is the upper half-plane h with a definition of lines (also called
geodesics) and distances that differ from the usual meaning of these notions in the Euclidean
plane R2.

Lines in § are the vertical lines in h or the semicircles in h that meet the z-axis in a
90-degree angle (the x-axis is the diameter of the semicircle). In the picture below, if P and
Q have the same z-coordinate then the line PQ through P and @ is the part of the usual
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Euclidean (vertical) line through P and @ that is in h. If P and @ do not have the same
z-coordinate then P(Q is the unique Euclidean semicircle through P and @ with diameter
on the x-axis.

On the right side of the picture two lines drawn through a point R not on PQ don’t
intersect PQ. This contradicts the parallel postulate of Euclidean geometry, which says a
point not on a line L has exactly one line through it that doesn’t meet L. In R? the parallel
postulate is true, but in b it is not.

The hyperbolic distance between two points P and () in h is defined using integration
along PQ:

@ /(dz/dt)? + (dy/dt)?
(P, Q) :/ V(da/d)? + (dy/dt)?
P y(t)
where the integral is taken along the hyperbolic line in b from P to @ using any smooth
parametrization (z(t),y(t)) of the segment in PQ from P to Q.

Example A.1. To Compute the distance between ygt and 1%, parametrize the vertical line
between them as (z(t),y(t)) = (0, (1 — t)yo + ty1) for 0 <t < 1. Then

/02
dr (yoi, y1t) / + (1 — %) dt =
(1 —=1yo +tyr

For example, dg(yi,i) = |logy| and the midpoint between ypi and yi17 when yo # y; is
VYoy1i, which is (always) different from the Euclidean midpoint.

= |logy1 — logyo| = |log(y1/v0)|-

The action of SLy(R) on h by linear fractional transformations preserves hyperbolic dis-
tances: for each A € SLy(R), dy(A(P), A(Q)) = dy(P,Q) for all P and @ in h. A function
h — b that preserves distances is called an isometry, and SLy(R) acting by linear frac-
tional transformation is the group of all orientation-preserving isometries of the hyperbolic
planeﬂ An example of an isometry of h that reverses orientation is 7 — —7, or equivalently
T + yi — —x + yi, and every orientation-reversing isometry is this example composed with
the action by a matrix in SLa(R).

APPENDIX B. A LATTICE SUM

This section proves a result used in Section [4 to show Eisenstein series of weight & > 4
are absolutely convergent.
From calculus, the series ) -, 1/n° converges for s > 1 and diverges for 0 < s < 1. We

will generalize this result to a sum over the d-dimensional integral lattice Z? for any d > 1.

For any x = (z1,...,2z4) in RY, set |[x|| = /2% + -+ + 22, This is the length of x.

Theorem B.1. For s > 0, the infinite series Z
acZe—{0}

converges for s > d and

1
lall*
diverges for 0 < s < d.

9Strict1y speaking, since A and —A act in the same way, the group of orientation-preserving isometries
is SL2(R)/{+2}.
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Proof. We will first collect together all the terms of the same size (that is, all vectors in
Z? with the same length), and then use an identity called summation by parts, which is
a discrete analogue of integration by parts. Then we will rewrite the desired sum as an
integral, and our problem will be reduced to the fact that [ dz/a' converges for ¢ > 1 and
diverges for 0 <t < 1.

The squared length ||a||? of any a € Z? is a positive integer. For n > 1, set

ra(n) = {a € 2+ ||a|* = n}|.

Then

1 1 N
> TalFF — > W:Zns/zz z::ns/z-

acZi—{0} aczi—{0} n>1

For n > 1 set S(n) = rqg(1) +--- +rq(n) = [{a € Z¢ : ||a]|? < n}| and S(0) = 0, so
)=S(n)—S(n—1) for n > 1. Then

f: rq(n) _ f: S(n) —S(n— 1).

ns/2

For a sum of the form 27]:7:1 Uy, (Uy, — Up—1), which resembles [ wdv, there is the following
analogue of integration by parts, called summation by parts:

N-1

E Un Up — Up— 1 = UNUN — U1V0 — g 'Un(un+1_un)'
n=1

Using u, = 1/n*? and v, = S(n), so vy = 0, summation by parts implies

S(n)—S(n—1)  S(N) = 1 1
(Bl) Z ns/2 ) ]\53/2) o Z S(n) ((n+ 1)3/2 o TLS/2> ’

n=1 n=1

Write the difference 1/(n + 1)%/2 — 1/n°/? as an integral using the Fundamental Theorem

of Calculus:
1 B 1 B n+1 d 1 d B _S n+1 1 d
(n + 1)5/2 ns/2 n % 8/2 = 5 n 1s/2+1 L.

Substituting this into (B.1)),

Sn—-1) 5 1S o de

231 ns/Z - NS/2 + 92 Zl 25/2+1
_S(N) s [ S(n) ;
TN T2 /21 4t

For real x > 1, which need not be integers, set

S(@)= Y ran)={acz: 1< jal* <},

1<n<zx
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so S(x) = S(n) where n <x <n+1. Then
N

Sn)—Smn—-1)  SN) s et S(x) p
Z ns/2 T Ns/2 + 9 25/2+1 &z
n=1 n=1
~ S(N) | s N S(x)
= NS/2 + 5 / 1’5/2+1 dx.

To determine how S(N)/N*/? and the integral from 1 to N behave as N — oo, we will
estimate S(x) for large = using geometry.

The number S(z) counts nonzero integral points inside the ball {x € R? : ||x|| < v/z}
with radius y/x, and the number of such integral points is approximately the volume of that
ball. A ball of radius r in R? has volume Cyr? for some constant C; depending only on d
(for example, Co = 7). Therefore there are positive constants Ay and By such that

(B.2) Aqz?? < S(z) < Bga??
for all large . Dividing through the inequality 1} by /21 we get
Ap(d=—s)/2 B
(B.3) el <@ B
T rs/2+1 p(s—d)/2+1

If 0 < s < d then the first inequality in tells us S(x)/x%/>*1 > Ay/x for large x, which
implies le S(x)/z*/*t1 dx — oo as N — oo, and thus our original lattice sum diverges.

If s > d then the second inequality in tells us 0 < S(z)/z*/?t1 < By/x'*e, where
e=(s—d)/2>0,so le S(x)/x*/?t dx converges as N — co. Using , S(N)/N#/? <
By/NG=9/2 5 0, so our lattice sum converges and in fact

1 s [ S(x)
Z IEIE - 2/1 28/2+1 dz.
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